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Abstract. The main objective of this paper is to control the geometry of 
a future outgoing truncated null cone extending smoothly toward infinity in 
an Einstein-vacuum spacetime. In particular, we wish to do this under mini- 
mal regularity assumptions, namely, at the (weighted) L 2 -curvature level. We 
show that if the curvature flux and the data on an initial sphere of the cone 
are sufficiently close to the corresponding values in a standard Minkowski or 
Schwarzschild null cone, then we can obtain quantitative bounds on the geom- 
etry of the entire infinite cone. The same bounds also imply the existence of 
limits at infinity of the natural geometric quantities. Furthermore, we make 
no global assumptions on the spacetime, as all assumptions are applied only to 
this single truncated cone. In [T], we will apply these results in order to control 
the Bondi energy and the angular momentum associated with this cone. 



1. Introduction 

Let (M, g) be a 4-dimensional Einstein- vacuum spacetime, and let TV denote 
a future-directed smooth truncated null cone in M, emanating from a 2-spliere 
S. We assume M extends "toward infinity" , meaning that the future-directed null 
generators of M extend indefinitely with respect to an affine parameter. The main 
problem we address is to quantitatively control the intrinsic and extrinsic geometry 
of W by a weighted curvature flux of TV, and to establish the existence of limits "at 
infinity" of certain geometric quantities on Af. In this paper, we accomplish this 
task in the case of near-Minkowski and near-Schwarzschild null cones. 

In the companion paper p], we will further connect our main results here to 
concepts in general relativity. Our primary physical motivation is to apply these 
estimates, obtained under rather minimal assumptions, to control the Bondi energy 
and angular momentum associated with Af. In particular, we will accomplish this 
while avoiding global asymptotic assumptions on (M,g). 

1.1. Motivations. The term curvature flux generally refers to L 2 -norms of certain 
components of the spacetime curvature on a null hypersurface. It is a fundamental 
quantity in mathematical relativity for dealing with local energy estimates involving 
the curvature. Algebraically, this is a direct analogue of flux quantities for an 
electromagnetic field satisfying Maxwell's equations. 

The interpretation of such quantities as fluxes can be motivated using the Bel- 
Robinson tensor, i.e., the tensor field on (M,g) given, in index notation, by 

Qafi~{5 — 9^ 9 (Rafiycr R@v8t ~t~ Rafijcr Rj3v8T^) ■ 

Here, R is the Riemann curvature tensor for (M, g) , and ★ denotes the spacetime 
Hodge dual. In particular, Q serves the same purpose for R as the stress-energy 
tensor for Maxwell's equations does for the electromagnetic field. As Q is symmetric 
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and divergence-free, one can define currents from Q by contracting it with three 
future-directed causal vector fields. One can then hope to systematically generate 
energy identites and estimates for R by integrating the divergence of such a current 
over a spacetime region T> and applying the divergence theorem. 

Remark. For non-vacuum spacetimes, R is replaced by the Weyl curvature tensor. 

In particular, consider the case in which the boundary of T> contains a smooth 
null hypersurface Af '. Then, one term generated by the aforementioned process is 
an L 2 -norm over Af of some, but not all, components R. Such a quantity can be 
intrepreted as a flux of curvature through Af. Therefore, in practice, it is sensible 
to refer to this quantity as the curvature flux of Af '. 

A number of results in mathematical general relativity have relied heavily on the 
curvature flux or its variations. Well-known examples include the following: 

• Stability of Minkowski spacetimes ([2J [H [7]). 

• Breakdown criteria for the Einstein equations ([12] [TU [17\ [TH] [27]). 

• Formation of trapped surfaces f[3] 111)). 

• L 2 -curvature conjecture ([13 ] I2T) ] I2T ] 152 ] [23 ] ). 

In certain cases, the curvature flux of a null hypersurface Af can in fact be used to 
control the geometry of Af itself. For the breakdown criteria, a major component 
of the proofs of these results is precisely that of controlling the geometry of null 
cones by the curvature flux. For the L 2 -curvature conjecture, an important part of 
the argument is to establish similar control for the geometry of null hyperplanes. 

The analytical techniques for controlling the geometry of null hypersurfaces by 
the curvature flux were first developed in [8], which dealt with the specific case of 
geodesically foliated truncated null cones beginning from a 2-sphere in a vacuum 
spacetime. Because one assumed only curvature flux bounds, this required a signif- 
icant amount of technical developments, detailed in [5J[I0]. These techniques were 
extended to null cones beginning from a point in 24 ; 25 . Other variations include 
[T5] |T7l [27] , which dealt with time-foliated null cones. In particular, [17] extended 
the result to Einstein-scalar and Einstein-Maxwell spacetimes. 

Here, we wish to apply similar techniques to a different but related setting — that 
of an infinite outgoing truncated null cone Af. Here, Af could be thought of as ter- 
minating at future null infinity, though we make no global asymptotic assumptions 
on our spacetime regarding the existence of such an infinity. Analogous to previ- 
ous works (e.g., [8] [24]), we derive quantitative estimates for various connection 
coefficients on Af by both the curvature flux of Af and by certain data on the ini- 
tial 2-sphere S. We also simplify and, in some cases, generalize many of the more 
technically intense methods developed in [5] H] [TO] [H] . 

For brevity, from here on, we will refer to these truncated null cones simply as 
null cones. Now, one can consider the null cone Af as a one-parameter family of 
spheres. Such a viewpoint can be constructed in many different ways. In this paper, 
like in [8] 124) . we define these spheres using a geodesic foliation, that is, we define 
these spheres to be the level sets of affine parameters of a family of null geodesies 
that generate Af. This is in a sense a minimalistic approach, as it requires no 
additional structures on our spacetime (M,g). In particular, both the spacetime 

^One common variation is to take L 2 -norms for derivatives of the spacetime curvature. 
2 For instance, in order to foliate J\f using a time function, one would also need to impose some 
global measure of time on (M,g) that satisfies additional assumptions. 
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curvature decomposition, which is present in the curvature flux, and the connection 
coefficients of TV will be defined with respect to this foliation. 

We assume that this null cone Af is sufficiently close to a standard Schwarzschild 
null cone at the curvature flux level. More specifically, we assume: 

• A weighted curvature flux on Af (with respect to a geodesic foliation) is 
sufficiently close to the expected values in a Schwarzschild spacetime. 

• The connection coefficients for Af (also with respect to this geodesic folia- 
tion) are likewise sufficiently close, in certain norms, to the expected values 
in the same Schwarzschild spacetime on the initial sphere <S. 

The objective will be to prove the following results: 

• The connection coefficients can be controlled on all of Af in the appropriate 
norms by the weighted curvature flux and initial data. 

• The connection coefficients, with the correct weights, have limits at infinity 
(in the appropriate spaces), which can also be controlled. 

In near-Minkowski settings, the above weighted curvature flux arises naturally 
from the Bel-Robinson tensor. More specifically, this flux can be obtained by con- 
tracting Q with the vector fields T, T, and K, where T and K are suitable adapta- 
tions of the time translation vector field and the Morawetz vector field, respectively, 
in Minkowski spacetime. These weighted fluxes were used extensively in [21 HI E] • 

In this process, we control in particular the Hawking masses of these spheres 
that foliate Af. We can once again relate this to the settings of [H[7]- For instance, 
in [H Ch. 17], for spacetimes that were sufficiently near-Minkowski, and for certain 
(time-foliated) null cones extending to infinity, it was shown that: 

• The Hawking masses of the level spheres of such a null cone converge to 
some finite nonnegative limit at null infinity. 

• Moreover, this limit is the Bondi mass associated with this cone. 

In the minimal setting of this paper, we can also show that the corresponding 
Hawking masses of Af are bounded and have a controlled limit at infinity. 

In our case, it is not clear a priori that this limit of the Hawking masses corre- 
sponds to any notion of Bondi energy or mass. As discussed in [16] . for instance, 
this connection between Hawking and Bondi masses depends closely on the spheres 
foliating Af becoming asymptotically round at infinity. In the companion paper [I] , 
however, we will construct, under the same assumptions, such an asymptotically 
round family of spheres in Af, in order to control the Bondi energy. 

1.2. The Main Results. For our analysis, we will think of the geodesically foliated 
null cone Af as a smoothly parametrized foliation, Af ~ [so,oo) x § 2 . The first 
parameter in this product refers to the chosen affine parameter for the null geodesic 
generators of Af, while the copies of § 2 are the level sets of the affine parameter. As 
each level sphere of Af is spacelike, we can consider the Riemannian metric ji on the 
spheres induced from the spacetime metric g. Furthermore, we choose our affine 
parameter so that the initial sphere S, corresponding to s = sq, has area Attsq. 
The next step is to describe the objects of our analysis: 

• Connection coefficients: These are, as usual, quantities that correspond to 
one derivative of the metric. More accurately, these are spacetime covariant 
derivatives of certain adapted null frames on Af. 



■^Note this includes standard Minkowski null cones as a special case. 
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• Curvature components: These refer to the spacetime curvature of [M,g), 
decomposed in terms of the same null frames on Af as above. 
The main idea is, as in [3l |4j [8] , to reinterpret the aforementioned connection and 
curvature quantities as "horizontal" tensorial quantities, i.e., tensor fields on Af 
which are everywhere tangent to the level spheres of A/". Consequently, we can treat 
each of these connection and curvature quantities as a smoothly varying family of 
tensor fields on § 2 , parametrized by the affine parameter s. 

One main feature of this system is that the geometries of the of level spheres 
of Af also evolve. In other words, the horizontal tensor field jf on Af constructed 
from the metrics induced from g also evolves as a function of s. A consequence of 
this is that the norms, the elliptic operators, and the evolutionary operators that 
we will consider will also evolve depending on the affine parameter. Throughout 
this paper, we will analyze such horizontal tensorial quantities on this evolving 
geometric setting using the formalisms developed by the second author in [19] . 

1.2.1. Connection and Curvature Decompositions. We now discuss in further detail 
the horizontal decompositions for the connection and curvature quantities. We 
begin with the connection coefficients, defined with respect to our geodesic foliation. 

The most important connection quantity is the intrinsic null second fundamental 
form, Xj which is defined as the second fundamental form of the level spheres of 
Af, in the future null direction tangent to Af. Intuitively, \ determines how jf, and 
hence the geometry of Af, evolves as one moves along Af in this future null direction. 
X can be further decomposed into its trace and traceless parts, i.e., the expansion 
\fcx and the shear \- I n particular, tv\ describes how the area element of the level 
spheres of Af evolve, and is related to the formation of null conjugate points. 

Similarly, the extrinsic null second fundamental form, \> represents the second 
fundamental forms of the level spheres of Af in the transverse future null direction 
orthogonal to these level spheres. Like for y, one can also decompose \ mto its 
trace and traceless parts. As our analysis is concerned only with Af itself, \ lacks 
the same intrinsic significance as x m our setting. However, \ wm t> e shown to 
decay less than the other connection coefficients. In fact, that the level spheres of 
Af fail to be asymptotically round as one approaches infinity is due to this lack of 
decay for^rx- This will play a central role in pQ. 

The final connection coefficient in the geodesic foliation is the torsion, £. In 
the geodesic foliation, this quantity can be roughly interpreted as the failure of the 
transverse null direction orthogonal to the level spheres of Af to evolve in a parallel 
fashion along the null direction that is tangent to Af. 

Next are the curvature quantities, which represent the various components of the 
spacetime curvature R on Af. To define these, one first takes two future null vector 
fields, L and L, with the former representing the future tangent null direction in 
Af, and with the latter representing the future transverse null direction normal to 
the level spheres of Af. The curvature components are then defined by contracting 
R with one or more instances of L and L, and by requiring that the remaining 
components are horizontal, i.e., tangent to the level spheres. In keeping with nota- 
tional traditions, we denote the resulting components by a, (3, p, a, (3, and a. Since 
Einstein-vacuum spacetimes are by definition Ricci-flat, these curvature quantities 
comprise all the independent components of R. 

Finally, in our analysis, we will also require an additional scalar quantity /i on Af, 
called the mass aspect function, /i is defined directly from the connection coeffients 
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and the curvature component p. In particular, this quantity is closely related to 
the Hawking masses of the level spheres; see |4||8]. 

For precise definitions of all the above quantities, see Section |4~21 

1.2.2. A Rough Theorem Statement. Recall the main result of this paper roughly 
states that if the weighted curvature flux of Af and initial data on S are sufficiently 
close to their corresponding values in a Schwarzschild spacetime, then the connec- 
tion coefficients on TV remain close to their Schwarzschild values. Below, we further 
clarify the meanings of "weighted curvature flux" and "initial data" . 

With respect to the geodesic foliation, the weighted curvature flux of Af is 

— - i — 3 — 1 

T = s Q 2 \\s a\\ L 2 {A r) + s 2 \\s PWl'VS) + s o 2 II s pIU 2 (j\T) 

_ 1 1 

+ s 2 ll so "IU 2 (A0 + S ll/3|U 2 (A/> 

Note this formula includes all the spacetime curvature quantities except for a. In 
particular, the excluded component a is the only component of R which does not 
contain any L-components. In [HE], for example, such quantities were intimately 
tied to energy estimates involving the spacetime curvature. 

Remark. The main heuristic for the weights within J- is that the affine parameter 
s will remain comparable to the radii of the level spheres of Af . In contrast with 
similar developments in [2l [4j [7] , we use s here rather than the actual radius, as it 
is an easier quantity to manipulate algebraically. 

In our setting, however, we are interested not in the curvature flux itself, but 
rather in its deviation from the Schwarzschild values, i.e., the quantity 

5F = s^\\s 2 (a - a s )|| L2(A0 + s~ ~ 2 \\s 2 (f3 - f3 s )\\ Lm) + s~ 4 \\s(p - p s )\\ L , W 

+ *o *IK* - ff5 )IU 2 (A0 + 4 \\p- £ s || L 2(ao, 

where a s , (3 s ', p s , <r s ', and (3 s denote the values of the curvature components in 
a Schwarzschild spacetime, with mass < m < sq/2 (the latter bound ensures S 
represents a sphere in the outer region). Standard computations show that the only 
nonvanishing Schwarzschild component here is p , see Section [4731 for details. 

Finally, the initial data for S reflects the deviation of Xi Xi C an d p from their 
Schwarzschild values (see Section [4.3)) . in the appropriate norms. More specifically, 

si = s \Wx ~ Wxfh-is) + 4llx - x 5 IIh (5) + 4 IIC - C s IIh (5) 

+ Hx - X S \\b( S ) + flol Wx) - \P($x)]s\\b(S) + soll/x - M S ||b( 5) - 

In the above, H is a (geometric tensorial) ff 1 / 2 -type norm on S, while B is a similar 
zero-derivative Besov-type norm. An unfortunate by-product of working at the 
curvature flux level is that such Besov norms are required in the analysis. 
We now give a very rough statement of the main theorem. 

Theorem 1.1. Assume that 

5F + 51< r. 

Suppose r is sufficiently small with respect to the geometry of S, that is, the weighted 
curvature and initial data of Af remain close to their Schwarzschild values. Then, 
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the geometry of Af remains close to that of the corresponding Schwarzs child null 
cone. To be more specific, the connection deviations 

X~X S , X-X S , C-( S , At-M S 

will also be bounded by T, in the appropriate norms. Furthermore, up to a rescaling, 
the geometries of the level spheres of Af remain close to that of S. 

For the precise version of the theorem, see Theorem 15.31 in Section 1531 Next, 
one can use the above estimates to generate asymptotic limits at infinity, of both 
the geometries of the level spheres of Af and the connection coefficients. A rough 
statement of this result is stated in the subsequent theorem. 

Theorem 1.2. Assume the hypotheses, and hence the conclusions, of Theorem 
\l.ll Then, as s oo, the geometries of the level spheres of Af converge, after an 
appropriate rescaling, to a rough limiting geometry on S 2 . Furthermore, certain 
appropriate rescalings of x ~ X S ' > X ~ X S > C ~ ( S , an d M ~ A* 5 will have limits as 
s /*■ oo, with respect to the appropriate normed spaces. In particular, the Hawking 
masses of the level spheres of Af have a limit as s / oo. 

For the precise statements, see Corollarv l5.2[ in Section [Ol 

1.2.3. The Renormalization Procedure. We now give a brief outline of how the proof 
of Theorem l 1 . 1 1 proceeds . Primarily, we wish to convert our setting to one which can 
be treated by methods analogous to [8l[9j[T0]. Moreover, we want the general results 
developed in [19] to be applicable to our new setting. Both of these objectives are 
accomplished by adopting certain renormalizations to our system. 

This first step is to convert Af from an infinite cone into a finite cylinder. To do 
this, we rescale the metrics jf on the level spheres of Af, so that they have almost 
constant area. In practice, this allows us to analyze all the level spheres of Af in a 
uniform manner. Next, we adopt a change of the evolutionary variable to convert 
the infinite interval [so,oo) to a finite interval [0,1). We also make corresponding 
renormalizations for both the curvature and the connection coefficients on Af. For 
details behind the specific rescalings and transformations, see Section FOl 

Remark. Note we have the freedom to choose weights for each curvature and con- 
nection quantity. Though the chosen weights correspond to [7], some do not reflect 
those one would obtain from the usual conformal compactification of spacetime. 

Another key component of this process is the construction of a covariant system 
(in the sense of [19j ) with respect to our finite null cylinder. For this, we introduce 
connections on Af, compatible with the rescaled metrics and adapted to the finite 
evolutionary variable t £ [0,1). This defines a notion of covariant differentiation on 
Af that is adapted to our renormalized system. 

Combining all these steps results in a new equivalent system in terms of the 
renormalized geometry, connection coefficients, and curvature components. More- 
over, this new system is formally similar to the original physical system for a finite 
null cone. Thus, the analysis we perform can in large part reduce to the ideas 
developed in [8], along with some modifications and simplifications from |19j . 

As in [8], we establish our desired estimates through an elaborate bootstrap ar- 
gument. We take as bootstrap assumptions some of the estimates on the connection 
coefficients that we wish to prove. This is an important step, as these assumptions 
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are required in order to validate many of the tools of analysis that are used. @ 
From these assumptions, we can eventually derive all the desired estimates on the 
connection coefficients. To close the bootstrap argument, we also obtain strictly 
improved versions of the bootstrap assumptions. This implies that the estimates 
we have obtained in fact hold without our bootstrap assumptions. 

Remark. For further discussions on the intricacies of the bootstrap argument itself, 
the reader is referred to the introductions of [5J [53] . 

From this analysis, we obtain unweighted estimates for the renormalized connec- 
tion coefficients on A/", in terms of the renormalized geometry. The precise results 
of this procedure is stated as Theorem l5.il i.e., the "renormalized main theorem". 
By inverting our renormalization procedure, we can restate these results in terms 
of the physical geometry and connection coefficients. This results precisely in the 
desired weighted estimates, thereby proving Theorems 11.11 and 15.31 

We also remark that the limits obtained at infinity are most easily stated in 
terms of the renormalized system, since the geometries of the renormalized level 
spheres remain close to that of the initial sphere. In particular, Corollary 15.21 (the 
precise version of Theorem ll.2j) is expressed entirely in the renormalized picture. 
Furthermore, in the sequel pQ, in which we control the Bondi energy, much of the 
analysis is once again performed in this renormalized setting. 

Aside from the immediate problem, we propose that this renormalization process 
also provides a template for analyzing other geometric situations. In general, this 
process transforms a foliation so that the evolutionary parameter has finite length 
and the geometries of the leaves of the foliation change very little. In this paper, 
the upshot is that the renormalized system satisfies abstract assumptions which 
validate a wide range of estimates established in [19] . Similar renormalizations in 
other settings could result in similar analytical consequences. 

Finally, while the analysis here applies to only a single null cone, it is hoped 
that adaptations of this renormalization argument could also be used for studying 
regions of spacetimes (for example, the double- null foliations used in [3] [7]). In 
particular, because of these considerations, this procedure perhaps may also be 
applied toward analyzing existence theorems, again possibly at the L 2 -curvature 
level, for the Einstein equations extending up to (a part of) null infinity. 

1.3. Technical Improvements. Although we use the same template in our argu- 
ment as in previous works ([HI HH El [Ml 123 US]), we also improve upon many of 
the techniques used in the aforementioned works. Below, we shall briefly discuss 
the technical innovations employed in this paper. 

1.3.1. Bilinear Product Estimates. In |10j . various bilinear product estimates, es- 
sential for the main argument in [8], were established. Due to the lack of geometric 
regularity, the proofs required the construction and application of a geometric ten- 
sorial Littlewood-Paley theory based on the heat flow; see [9] for this development. 
This made the proofs in [lOj both lengthy and highly technical. Furthermore, the 
proofs of these estimates relied heavily upon the specific setting (geodesic foliation, 



These assumptions imply that the geometries of the renormalized level spheres of W change 
very little. As a result of this, various Sobolev, product, and elliptic estimates from |19| can be 
applied in a uniform manner to all the level spheres of J\f. In particular, the aforementioned 
uniformity implies that s remains comparable to the radii of the unrenormalized level spheres. 
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finite null cones, vacuum spacetimes, etc.). As a result, although these techniques 
can be adapted to other related settings, one must in principle redo these argu- 
ments for each separate setting. For example, this was the case in [21], which dealt 
instead with null cones beginning from a point. 

In |19) , a simpler and more systematic method for deriving these bilinear product 
and sharp trace estimates was presented. In constrast to |10j , which resorted to the 
geometric Littlewood-Paley theory of [9], these estimates were obtained in [19] by 
reducing them to their (much simpler) Euclidean analogues. That this reduction is 
possible is a consequence of two new observations: 

• From the Codazzi equations, applied to the level spheres of A/", the curl of 
X has slightly better properties than other derivatives of x- 

• This improved regularity for the curl of x yields strictly better regularity 
for certain parallel-transported frames. 

That these special frames are more regular than the usual coordinate frames allows 
us to reduce these geometric and tensorial product estimates to their Euclidean and 
scalar counterparts, which can be proved using classical Littlewood-Paley theory. 

Furthermore, in |19j . the estimates are stated in terms of abstract foliations 
satisfying certain regularity assumptions. The main advantage of this presentation 
is that these assumptions apply not only to the setting of this paper, but also to 
the settings of [3 [HI [TT1 [2U E3 [26] . Consequently, for any reasonable variation 
of the "null cone with bounded curvature flux" problem, one can very quickly and 
easily validate a whole family of tensorial product estimates using 19J. 

1.3.2. Elliptic Estimates. In [8] flS j [17 ] [24 j [25 | [26 ] . a maior difficulty arose from the 
fact that the Gauss curvatures of the level spheres of J\f were highly irregular. In- 
deed, one derived only an 77 -1 / 2 -type bound on these Gauss curvatures; moreover, 
this was achieved only after a highly nontrivial argument containing, in particular, 
a technical commutator estimate involving heat flows. Thus, many elliptic esti- 
mates that were straightforward in more regular settings became both technical 
and lengthy. The most difficult examples were Besov-type elliptic estimates for the 
symmetric Hodge operators, which now required a much more delicate analysis. 
Moreover, [24 showed these estimates yielded even more error terms, which added 
considerable length and complexity to the overall argument. 

In [19j . it was shown that these additional error terms were in fact unnecessary. 
Furthermore, these estimates, without the error terms, could be proved using a far 
shorter argument than before. The main new observation in the null cone setting is 
that the only part of the Gauss curvature that is not L 2 -controlled can be expressed 
as a divergence of £. This allowed for a conformal transformation into a different 
metric for which the Gauss curvature is entirely L 2 -controlled. In effect, one absorbs 
the low-regularity term into the chosen conformal factor. Q 

The advantage gained from this transformation is that all the desired Besov- 
elliptic estimates can be derived far more easily with respect to this regularized 
metric. Furthermore, the Hodge operators under consideration are conformally 
invariant, and a brief but careful analysis shows that these estimates can in fact be 
transferred back to the original metric. Moreover, similar to the bilinear product 
estimates, the elliptic estimates in |19j were stated in an abstract setting that applies 
not only to this paper, but also to the settings of previous works. 



'This technique will also be used in pp. 
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1.3.3. Infinite Decompositions. In previous arguments, an elaborate infinite decom- 
position of tensor fields was required within the main bootstrap argument in order 
to apply the necessary bilinear and sharp trace estimates. In this process, such ten- 
sor fields (e.g., the gradients of x an d £) were decomposed into "good" and "bad" 
parts. While the "good" parts can be properly controlled, the "bad" parts must 
again be decomposed into "good" and "bad" parts. This led to infinite iterations, 
which converged in suitable norms to the final desired decompositions. 

In this paper, we demonstrate that this cumbersome process can be avoided. 
This simplification revolves around the following basic ideas: 

• The exact (infinite) decompositions of these tensor fields were in fact ir- 
relevant to the main argument. The only important point was that some 
decomposition with the necessary estimates exists. 

• One can construct norms to quantify the existence of the necessary decom- 
positions, without needing to explicitly specify the decompositions. 

The natural norm to capture such decompositions is the so-called sum norm, de- 
scribed in Section [3.31 which is a general construction for arbitrary normed spaces. 
By using these sums norms in the main bootstrap assumptions and argument, one 
can avoid this process of obtaining explicit infinite decompositions. 

To be more specific, for this part of the argument, we must decompose various 
tensor fields into two parts for our estimates: 

• The first part contains terms which can be controlled in an L 2 -norm along 
all of TV, with the additional caveat that one can trade a null derivative 
for a spherical derivative. A quantitative version of this property can be 
captured using a special norm (the 7Y t °*-norm in Section [3. 3p . 

• The remaining terms will lack this derivative trading property. These terms 
will be controlled by an infinitesimally stronger Besov-type norm on A/*. 

The main idea is to impose an additional bootstrap assumption in the main argu- 
ment (via the sum norm) stating that such a decomposition exists, with sufficient 
bounds by the above two norms. From explicit decompositions, one obtains as 
before the "good" terms, which can be controlled in these norms. However, one no 
longer needs to decompose again the remaining "bad" terms, as these can now be 
handled using the bootstrap assumptions. From this process, we can immediately 
recover a strictly improved version of this new bootstrap assumption. 

1.4. Notations. Here, we list basic notational conventions we will use, many of 
them borrowed from |19j . First, given nonnegative real numbers X, Y, ci, . . . , c m : 

• X < Cl Cm Y means that X < cY for some constant c > depending on 

c\, . . . , c m . If no Cj's are given, then the constant c is universal. 

• Similarly, we write X — C1 ,...,c m Y to mean that both of the following state- 
ments hold: X <ci,...,c m Y and Y < C i,....c m X. 

To shorten notations, we will generally omit the dependence of constants (i.e., the 
Ci 's in the above ) in inequalities within proofs of statements. 

Next, we will use the following symbols to denote various constants. These 
constants will be used throughout the paper to represent ranks of tensor fields as 
well as parameters in various regularity conditions. 

• Let r, r\, r-i and /, lx, li denote non-negative integers. 

• Let C > 1 and B > denote real constants. 

• Let N > denote an integer constant. 
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Finally, for a general manifold M: 

• Let C°°M denote the space of all smooth real- valued functions on M. 

• For a vector bundle V over M and z £ M, we let V z denote the fiber of V 
at z. Moreover, we let C°°V be the space of all smooth sections of V. 

• Let TfM denote the tensor bundle over M of rank (r, I), for which the fiber 
(T[M) Z at any z £ M is the space of tensors of rank (r, /) at z. Thus, 
C°°T[M is the space of smooth tensor fields of rank (r, Z) on M. 

We will often use standard index notation to describe tensor and tensor fields on 
M. Indices, denoted using lowercase Latin letters, will be with respect to fixed 
frames and coframes. In accordance with Einstein summation notation, repeated 
indices indicate summations over all allowable index values. 

Acknowledgments. The first author was supported by NSERC grants 488916 
and 489103, as well as a Sloan Fellowship. The authors also wish to thank Sergiu 
Klainerman for interesting and helpful conversations that contributed to this report. 

2. Geometric Preliminaries 

In this section, we review some background involving the analysis of tensor fields 
on a 2-dimensional Riemannian manifold. The contents here briefly summarize 
many of the basic developments detailed in [T!5]. Throughout, we let S be a surface 
diffeomorphic to S 2 , with h a Riemannian metric on S. 

2.1. Riemannian Structures. By the conventions in Section H~4l we can think 
of h as an element of C^T^S. Let h^ 1 e C°°TqS denote the metric dual of h. 
As usual, within index notation, h~ x is written as simply h, but with superscript 
indices. Since S is compact, we can fix an orientation for S. As a result, h and this 
orientation induce a volume form lo £ C^T^S on S. 

Recall h and ft, -1 define pointwise tensorial inner products and norms on S. 
More specifically, for any F, G £ C^TfS, we define 

(F, G) = h aibl . . . h arb h c ^ . . . h c ' d 'F a ^ Cl ... Cl G b '- b " dl ... dl g C°°S, 

i.e., the bundle metric on TfS induced by h. We also define the pointwise norm: Q 

\F\ = {F,F)i. 

We can now use h and w to define standard integral norms: 

= / \F\ q dw, \\F\\ LS , =sup\F\\ x , ge[l,oo). 

JS x£S 

Following standard conventions, we let V and A denote the Levi-Civita con- 
nection and the Bochner Laplacian with respect to h, respectively. Higher-order 
differentials are defined iteratively: V fe+1 = VV fe for any positive integer k. Fur- 
thermore, we let K £ C°°iS denote the Gauss curvature of (S, h). 

Next, we recall the symmetric Hodge operators on spherical surfaces, as defined 
in [HIEj. We begin by defining the vector bundles on which these operators act. 
The rank-0 and rank-1 bundles are defined as 

H Q S = C°°S ® C, HiS = C°°T°S. 

^Here, r is the contravariant rank, and I is the covariant rank. 

^In the scalar case r = I = 0, the inner product {■, •} is simply multiplication of functions, and 
the norm | • | is the absolute value. In particular, these are independent of h. 
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Note the sections of HqS are precisely the complex- valued smooth scalar functions 
on S. In addition, we define H 2 S to be the vector bundle over S of all covariant 
symmetric /i-traceless horizontal 2-tensors on S. 

Remark. Note that H S and HiS are independent of h, while H 2 S is not. 

The symmetric Hodge operators are defined as follows: 

Vx : C°°iJi5 C°°H Q S, V X X = h ab \7 a X b - i ■ u ab V a X b , 

V 2 : C°°H 2 S -> C^H^, (V 2 X) a = h bc V b X ac , 

V\ : C^HoS -> C°°HxS, {VlX) a = -V a (Re X) - tu a c V c (ImX), 

V* 2 : C^HxS -> C°°H 2 S, ~2(V* 2 X) ab = V a X b + V b X a - h ab h cd V c X d . 

Direct computations show that the V* 's are the L 2 -adjoints of the T>i 's (with respect 
to h). In addition, we can compute the following identities: 

(2.1) V{D\ = -A, V\V Y = —A + K., 

z 2 2 2 2 2 

Finally, we review some basic formulas for rescaling h. Fix AeK, and consider 
the Riemannian metric h = e 2X h 6 C°°T 2 S. We will use the following notational 
conventions: geometric objects and norms defined with respect to h will be denoted 
with a "bar" over the symbol. For example, U) — e 2X ui denotes the volume form 
associated with h (with the same orientation). In terms of index notations, 

I — 2\ uab —2\iab -ab — 2A ab 

n ab — e li ab , uj ab — e ui abl h — e h , w — e ui . 
Moreover, such rescalings leave the Levi-Civita connection unchanged, 

VF = VF, F e C°°T[S, 
while it rescales the curvature by a constant factor, 

ft = e- 2X IC. 

The Hodge operators for h and h also obey similar formulas: 

V 1 =e~ 2X V 1 , V 2 = e- 2X V 2 , V\^V\. 

2.2. Geometric Littlewood-Paley Theory. We next review the geometric in- 
variant Littlewood-Paley (abbreviated L-P) theory, based on spectral decomposi- 
tions of the (Bochner) Laplacian. For additional discussions, see [19] . 

Remark. An alternative approach is to use the geometric L-P theory of [9], based 
on the heat flow. This was done in previous works involving null cones with bounded 
curvature flux, cf. [H [TSl [17l [24j [25] . However, the spectral version, whenever 
applicable, is much easier to rigorously construct and utilize. 

For technical purposes, we consider the Hilbert space L 2 T[S, defined as the com- 
pletion of C°°T[S with respect to the L 2 -norm on (5, h). Consider — A as a positive 
self-adjoint unbounded operator on L 2 T[S, which has a spectral decomposition 

/>oo 

-A = / A • dE x . 
Jo 

As in [19], the spectral L-P operators can be constructed as follows: 



s In index notation, A € C°°T 2 °S is in C°°H 2 S iff A ba = A ab and h ab A ab = 0. 
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• Fix a function ? £ C°°R, supported in the region 1/2 < |£| < 2, satisfying 

5>(2- 2fe £) = l, Ce«\{0}. 

fcez 

• For each k £ Z, we define the L-P operators on L 2 T[S by 

P fe = ,(-2- 2k A), P_ = y {0} (-A). 

In particular, P_ is precisely the L 2 -projection onto the kernel of A. 

• Given any k £ Z, we can define (in the strong operator topology) 

Kk 

In addition, letting / denote the identity operator on L 2 T[S, we have 

fe>0 

These L-P operators are fully invariant and tensorial, and they satisfy many of the 
same properties as the classical L-P operators on Euclidean spaces (as least with 
respect to the i 2 -norm). For details, see [19l Sect. 2.2]. 

In this paper, we will not need to deal directly with these L-P operators. Instead, 
we need them in order to define geometric, tensorial Besov norms. Given a £ [1, oo) 
and s £ R, we define for each F £ C°°T[S the norms 

fc>0 



||F|| sr ,. = max su P 2 sfc ||P fe F|| i 2, \\P <0 F\\ Ll 

\k>0 

These are the direct analogues of the standard Pf a -norms in Euclidean space. As 
we are mainly interested in the case a — 1, we define the shorthand 

\\F\\b. =M B ]- 

Next, given s £ R, we can define the standard fractional Sobolev norms 
\\F\\ H - = l|A s P|| L ,, F£C°°T[S, 
where A s = (J — A) 5. We can relate these to the aforementioned Besov norms. 
Proposition 2.1. Ifs£RandF£ C^TfJV, then 
(2-2) \\F\\ H s~ s \\F\\ Bf , : . 

Proof. This follows from the spectral properties of A s . □ 

2.3. Regularity Conditions. We now discuss the regularity conditions that we 
will impose on (S,h). The point is that all such (S,h) satisfying these properties 
can be controlled in a uniform way. One example is Sobolev-type estimates, which 
can be applied with a common Sobolev constant for all such (5, h). 
We will use the same conditions that were defined in [19, Sect. 2.4]. 

Definition 2.2. (S, h) satisfies (rO)^^, with data {Ui,(pi,rn}f =x , iff: 
• The area \S\ of(S,h) satisfies 

c- 1 < \s\ < c. 
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• The (Ui,ipi)'s, where 1 < i < N, are local coordinate systems on S that 
cover S. Moreover, each <fii(Ui) is a bounded neighborhood in K 2 . 

• The rji 's form a partition of unity of S, subordinate to the Ui 's, such that 

0<Vi<h KVi\<C, a, b G {1,2}, 

for each 1 < i < N, where c^,9| denote the ipi- coordinate vector fields. 

• For each 1 < i < N , we have on Ui the uniform positivity property 

2 

a,b=l 

where we have indexed with respect to the ipi- coordinate system on Ui. 

Definition 2.3. (<S, h) satisfies (rl)c,Ar, with data {CA, (/?;, 7/i, e 1 }^, iff: 

• (S, h) satisfies (rO)c,N, with data {Ui,Lpi,rii}f =l . 

• For any 1 <i < N, we have that e 1 = {e\,e\) e C°°T^S x C^T^S forms 
an orthonormal frame on Ui and satisfies the estimates 

llVe'JU* < C, oe {1,2}. 

• For any 1 < i < N, we have that fji 6 C°°<S is supported within Ui, is 
identically 1 on the support ofrji, and satisfies the estimates 

0<fji<l, \dim\<C, a 6 {1,2}. 

• For each 1 < i < N, the area density 



#i = y/hnku - h\ 2 G C°°U % , 
where we have indexed with respect to the tpi- coordinates, satisfies 

II Willi; <C. 

Definition 2.4. (<S, h) satisfies {t2)c,n> data {U i ,ip i ,rii,ri i ,e' l } 1 ^L 1 , iff: 

• (S,h) satisfies (rl^iv, with data {Ui,(pi,rii,fji,e l }^L 1 . 

• For each 1 < i < N, the ipi- coordinate vector fields d\,d l 2 satisfy 

\\Vdl\\ Ll <G, a 6 {1,2}. 

• For each 1 < i < N , the second coordinate derivatives of r\i satisfy 

|Sjflfo|<C, o,6 G {1,2}. 

The conditions in the (rO), (rl), and (r2) assumptions were required explicitly 
in |19| for various estimates that we will need here. On the other hand, here we will 
not encounter most of these conditions directly. We include their precise statements 
in order to provide a similarly precise statement of the main results of this paper. 

Remark. Since S is compact, (S,h) trivially satisfies (t2)c,n for some C, N . 

We now list some estimates resulting from these conditions. The first batch 
involves tensorial Sobolev-type estimates, which were proved in [H Sect. 2.5]. 

Proposition 2.5. Suppose (S, h) satisfies (rO)c,Ar, and let F G C^TfS. 



^See also [9] Cor. 2.4], on which the proofs in 1191 were based. 



14 



SPYROS ALEXAKIS, ARICK SHAO 



• If q G (2, oo), then 

(2-3) ||F|| iS < c ,N, q WVFW'-J ||F||f , + \\F\\ Lp 

(2-4) \\F\\ L ~ < c ,N, q WVFwljFW 1 -^ + \\F\\ L% . 

• Moreover, the following estimate holds: 

(2-5) \\F\\l~ <c,n \\V 2 F\\yF\\l l + \\F\\ Ll . 

With the (rl) condition, we can also establish certain sharp Sobolev embeddings 
involving fractional derivatives. For details, see [T9l Sect. 3.5]. 

Proposition 2.6. Assume (S,h) satisfies (rl)c.A- If F G C°°T[S, then 
(2-6) \\Fhi<c,N,r,i\\F\\ Hl/2 . 

2.4. Curvature Regularity. Besides (rO), (rl), and (r2), we require one more 
regularity assumption, introduced in [191 Sect. 6.1], related to the curvature of S. 

Definition 2.7. (S,h) satisfies (k)c\D, with data (/, W, V), iff: 

• / G C°°S satisfies, for any x G S , the bounds 

c- 1 < f\ x < C. 

• V G C°°T?S and W G C°°S satisfy 

\\V\\ H y 2 <D, \\W\\ L 2<D. 

• K. can be decomposed in the form 

K-f = h ab V a V b + W. 
Moreover, we will only consider the case in which D is very small. 

Remark. In other words, K, is comparable to 1, except for a "good" error term W 
that is L 2 -bounded, and a "bad" error term, which is not I? -bounded but can be 
expressed as a divergence of an H 1 ^ 2 -controlled l-form V . 

Although the (k) condition places only very weak restrictions on the curvature, 
it is sufficient to establish several elliptic estimates. 

Proposition 2.8. Assume (S,h) satisfies (rl^jv and (k)c,D, with Del suffi- 
ciently small. Then, for any F G C°°T[ +1 S, 

(2.7) |[VF[U S < c ,N,r,i \\h ab W a F b \\ Ll + |K b V aJ F b || L 2 + \\F\\ H , 

Proof. See [HI Sect. 6.1]. □ 

Next, we derive similar elliptic estimates for the symmetric Hodge operators. 

Proposition 2.9. Assume (S,h) satisfies (rl)c,N and (k)c,D, with Del suffi- 
ciently small. Then, the following Hodge-elliptic estimates hold: 

• IfXe C°°iJi5, then 

(2-8) \\VX\\ Ll + \\X\\ L 2 <c, N \\VxXWl*. 

^Here, h ab \7 a Fi, £ C°°T^S refers to the metric contraction of V-F in the derivative component 
and a fixed covariant component of F. The expression aj af> V a -Fj, is defined similarly. 
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• IfXe C°°H 2 S, then 

(2-9) \\S7X\\ L 2 + \\X\\ Ll < C ,N \\T> 2 X\\ Li . 

• IfXe C°°H Q S, then 

(2.10) ||VX|Uj * \\vix\\ Ll . 

• IfXe C°°iJi5, then 

(2.H) ||VX|| i2 < CiJV ||2?5X|| L j + ||X|| £ j. 

Proof. See Q2J Sect. 6.2]. □ 

Assuming for the moment the setting of Proposition 12.91 then (|2.8p and (|2.9[) 
imply that 2?i and 2?2 are one-to-one, and that both operators have L 2 -bounded 
inverses. Furthermore, we can extend these inverses to L 2 -bounded operators 

pr 1 : C^H^xS C^H.S, i e {1, 2}, 

by defining T>~ X X to be the (actual) inverse of T>i acting on the L 2 -orthogonal 
projection of X onto the (closed) range of T>i. If we let Vi denote this L 2 -projection 
onto the range of T>i, then by the above definitions, 

One can also use the above to partially invert the £>*'s. Since T>i is injective, 
then V* is surjective, and its inverse image of any element of C°°HiS is a coset of 
the nullspace of V*. Since the nullspace of V* is the orthogonal complement 
of the range of T>i, then we can define V*~ 1 X to be the unique element of the 
corresponding inverse image that is in the range of T>i. In summary, we have 

v *-x v * = v ^ V*V*- X = I. 

For further details on the inverse Hodge operators, see [19l Sect. 6.2]. For our 
purposes, we will need the following estimates, which follow from Proposition ^. 91 



Proposition 2.10. Assume (S,h) satisfies (rl)c,N and (k)c.D, with D <C 1 suf- 
ficiently small. IfT) denotes any one of the operators T>\, T>i, T>\, T>2, and if X is 
a smooth section of the appropriate Hodge bundle on S, then 

(2-12) IIVP-^IU, + HD-^IUi <c,n \\X\\ Ll . 

Proof. See [H Sect. 6.2]. □ 

3. Spherical Foliations 

In Section [21 our discussions were restricted to a single manifold S that was 
diffcomorphic to § 2 . Here, we will discuss one-parameter foliations of such 2- 
spheres. More specifically, our background setting will be the product 

AT = [0, 5] x S, S> 0. 

Let t be the natural projection onto the first component: 

t:Af -^[0,5], t(r, x)=T. 

Throughout this section, we will let t denote an arbitrary element of [0,6]. Given 
such a t, we let S T denote the level set S T = {t} x S of t: 



^To be fully rigorous, we must invoke some functional analytic technicalities and consider the 
T>i's and T>*'s as densely defined unbounded operators on the appropriate L 2 -spaccs. 
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Although we will work only on the 3-manifold with boundary Af, we will al- 
ways implicitly assume that all our objects can be smoothly extended beyond the 
boundaries Sq and S$. Thus, our full setting, on which all our objects of analysis 
are defined, is the extended foliation Af' = (—£, S + e) x S, for some e > 0. 

Remark. We consider only intervals of the form [0, S] here in order to make some 
estimates easier to state. However, the formalisms throughout this section can be 
easily adapted if [0,(5] is replaced by any other closed, open, or half-open interval. 
We will consider such adaptations throughout Section [^J 

We note that most of the upcoming formalisms of this section will be special 
cases of those discussed in [TU]. For further details on this formalism, see the more 
detailed development of the material in [19]. 

3.1. Horizontal Structures. Given our foliation Af, the first task is to construct 
objects on Af which represent smoothly varying aggregations of objects on the iS T 's. 
For this, we begin by defining the diffcomorphisms 

S T : S T o S, 3 T (r, x) = x, 

which identify S T with S. From 5 r , we can construct natural identifications 

5* : C°°T[S T o C°°T[S. 

We will use these identifications repeatedly in our basic constructions. 

As in |19j . we let TJAf denote the horizontal tensor bundle of rank (r,l), i.e., the 
vector bundle over Af for which the fiber at each (r, x) £ TV is 

Note in particular that T%Af can be identified with C°°Af. A section A e C°°TfAf 
is called a horizontal tensor field. Given r, we will let 

A[t] =E*(A\S t ) eC°°T[S 

denote the tensor field on S corresponding to the restriction of A to <S T . 

We impose on Af a horizontal metric 7 6 C°°T^Af, such that each 7[r] defines 
a Ricmannian metric on S. We also define 7 _1 € C°°X^Af so that each 7~ 1 [t] is 
the dual (7[t]) _1 to j[t\. A fixed orientation on S induces an orientation on each 
S T . From this, we can generate a horizontal volume form e 6 C^T^N, defined such 
that each e[r] represents the volume form on S associated with 7[r]. 

Families of objects and operators on S parametrized by t can be aggregated into 
corresponding horizontal objects on Af. Relevant examples include the following: 

• The fields 7, 7" 1 , and e above are the most basic examples. 

• Tensor products can be similarly aggregated into an analogous product of 
horizontal fields. Given <F; g C°°T^ i N', where i <E {1, 2}, we define 

*i®* 2 e c°°^+[ 2 2 Ar, (*! ® # a )M = *i[t] ® * 2 [t]. 

• The pointwise tensor norms | • | with respect to the 7[r]'s lift to a corre- 
sponding pointwise norm for horizontal tensors with respect to 7: 

I • I : e°°TJAT -> C°°N, |*|[r] = |*[r]|. 

The pointwise inner products also lift analogously. 



NULL CONES TO INFINITY 



17 



• The Levi-Civita connections V with respect to the 7[t]'s can be similarly 
aggregated into a single horizontal covariant differential operator 

V : e°°TjAf -> C°°r[ +1 AA. 

The operators V fe , k > 1, are defined similarly, as is the Laplacian: 

A : C°°TjAf -> C°°T[AA. 

• The horizontal Gauss curvature is the function K, G C°°J\f such that each 
JC[t] is precisely the Gauss curvature associated with 7[t]. 

• We can also aggregate the geometric L-P operators Pk, P<k, P-, so that 
they act on C°°T$Af, with respect to -f[r] on each S T . 

Relations involving horizontal tensors are sometimes more easily described using 
index notation. We will use the same indexing conventions as one would use for 
tensors on S or the <S T 's. We will use lowercase Latin indices to denote components 
of a horizontal tensor field, with repeated indices indicating summations. 

Finally, the Hodge bundles defined in Section 12.11 can be lifted to horizontal 
objects on M. Let HjM, where i G {0, 1, 2}, denote the natural vector bundle over 
N, for which the fiber at each (r, x) G N is (H_fAf)f T x ) — (HiS T ) x . Furthermore, 
for j G {1, 2}, we define the aggregated Hodge operators 

to behave like the corresponding Hodge operators on each (<S,7[r]). 

3.2. Evolution. Given A G C°°TJAf, we define its vertical Lie derivative as 

Z t A G C°°TJN, Z t AM = lim A[r ') ~ A ^ . 

t'^t T — T 

In particular, we define the second fundamental form 

2 

which describes the evolution of the geometries of the <S T 's. Of particular impor- 
tance is the mean curvature, or expansion, of k: 

tik = j ab k ab g C°°M. 

Remark. £ t can alternately be defined as the (standard) Lie derivative with respect 
to the lift of the vector field d/dt on [0,6] to TV. 

Using £ t and k, we define a corresponding 7-covariant derivative along the t- 
direction. Given # G C°°r[7V, we define V t W G C°°TJM by 

l r 

(3.1) VtK\;:Z = W/.V.2; - E ^^KjZ + E ^ 



-£ t 7 G C°°T°J\f, 



-••'/.• .VI/' '" 

•Mi ■ 

1=1 j=l 



The notation u\diUi means u\ . . . uj, but with itj replaced by d; similar conventions 
apply for v\djV r . Note Vt and £t coincide for scalar fields, and Vtl, Vt7 _1 , and 
Vte vanish identically. In addition, we define the following curl of k: 

€ G C°°T°M, £ Qbc = V b k ac - V c k ab , 

Next, for W G C°°TjJ\f, we define its covariant integral from r to be the 
unique element of C°°TJU satisfying both V t /** = * and (/**)[t] = 0. In the 



12 Note that the operator £t is independent of 7 and e. 
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scalar case r = I = 0, this is simply the standard integral with respect to t from 
t = t. These operators / T can also be defined more explicitly using frames and 
coframes which are "i-parallel" ; see [TH| for details. 

Remark. The above is a slight generalization of concepts found in [191 Sect. 4.2], in 
which only the case t — was considered. In this paper, we require the cases r = 
and t = 5. The case of general r reduces to the case t = by a transformation of 
the t-variable (translation and a possible reflection). Thus, properties that hold in 
the case t = generally still hold for other r. 

Later, we will need the following construction. Consider smooth functions 

r7 + ,77- : [0,5] ^ [0,1], »H-(r) = {° ~}\ V-=l~V+- 

In particular, we can define as rescalings of the case 5 = 1, so that 

W+(r)\<5-\ W-WZS- 1 . 
Now, given ^ <E C°°TjAf, we define the integral operator 

(3-2) /£* = ftiv+*)- flto-*). 

Note that we have the identities 

(3.3) v t ;i* = *, ^v t * = *-/* (» ? v*) + /S(»/-*). 

This above construction defines a particular covariant i-antiderivative of ^ which 
we will need much later, in the proof of our main result. More specifically, these 
integral operators cut off the end-times r = and r = S without introducing a 
factor that blows up as one approaches either end-time. 

Finally, given F £ C°°T[S, we define the t-parallel transport pF £ C°°TJAf of 
F (from 0) to be the unique element of C°°T[M satisfying 

V t (pF)=0, pF[0] = F. 

Note in particular that \pF\ |( T ^ — \F\\ X for any x £ S. 

Of particular importance are the following commutation formulas. 

Proposition 3.1. If ^ £ C°°T^M and F £ C°°TfS, then 

i 

(3.4) V a M\-;X = - £ 7 cd (V Q fc„ lC + V Ui k ac ~ VcAo^)*^ 



/=1 

r 



l cv >{V a k dc + V d k ac - V c k ad )^l\ d ^ 



/ i \ v a'"ac i v a'"ac v c^aa j ^ u\...ur ? 
3=1 

I 

„ cd h V7 .\Tr v i- v r _ „,edc 



-aUiC - 



[v t ,v a ]*^ = -7 cd fc Q cV d ^ 1 -'; -l^i c 

r 

4-V'¥ C,, » , C ,) fljWjI'r 
T / y 7 > -a<ic w ui...ti i 7 

3=1 

i 
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-Ei n 'io(Wo*ft)' 

3=1 

Proof. See pH Sect. 4.1-4.2]. □ 
Finally, we define the Jacobian (of e with respect to e[0]) as 

J = exp/*(trfc) eC°°Ar. 
Note J acts as a change of measure quantity, as it satisfies (see [TH Sect. 4.2]) 
(3.5) e[r] = J[ T ] -e[0], V t J = tTk-J. 

3.3. Integral Norms. Given * £ C°°T^Af, we assume any norm over *[r] to be 
with respect to j[t\. Define now the following iterated integral norms: 
• If p G [1, oo) and g G [1, oo], then we define 



1*11^ = \MT]\\ P L% dT 



1*1 



sup ||*[r]|| iS 

0<t<5 



We can also reverse the order of integration. Given p,q € [1, oo), we define 

rS 



1*1 



1*1 




(r,x) 



dr de[0] a 



/ ( sup \W\J* 

JS \ 0<t<5 



de[0] x 



Furthermore, when q = oo, we define 



1*1 



sup 

x£S 



\*\%, x) dr 



(t,x), 



1*1 



SUp SUp |*||(r,x) 

xes o<t<6 



Given any a G [1, oo), s G M, and p G [1, oo], we define 
11*11%,^ = ^ 2^1^*11^ + ||P<o*||^, 2 , 



k>0 

11*11,™ = max fsup2 sfc ||P fe *|| iP , 2 , ||P< *||^ 
We also define for convenience the shorthands 

II*IIb-- 11*11^--, II*IIh- = 

Note that all the above norms were used in |19) . 

Next, we consider first-order Sobolev norms on TV containing both horizontal 
and ^derivatives. We define the following, the first of which was used in |19j : 



*\\N}_ = l|Vt*|U2 + ||V*|U: 



1*1 



1*1 



1*1 



l*[o]|| ffl 



^^In this notation, the parameters a, p, s refer to the summability of the L-P components, the 
integrability of the t-component, and the differentiability of the spatial components, respectively. 
The order t, x" refers to the relative order of integration and summation. 
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In addition, we define the norm 

H*lk°* = i nf {IHIiv t » I V** = *}. 

This measures the smallest iV^-norm of any i-antiderivative of 1 $>. More specifically, 
we take a i-antiderivative and then a spatial derivative of "J; note we have an 
additional degree of freedom, in that we can choose the optimal i-antiderivative. In 
other words, we are essentially trading a ^-derivative for a spatial derivative. This 
norm is, in particular, well suited for taking advantage of the underlying structure 
behind the null Bianchi identities; see Propositions 14.11 and 14.21 

Finally, we review some methods for combining existing norms to produce new 
useful norms. First, let X and Y denote vector spaces, with norms || • ||x an d || • ||y. 

• A natural norm on X n Y is the following: 

IMUnr = IMU + IMIy- 

• Suppose X and Y are subspaces of a larger vector space Z. Then, one 
defines a natural norm on X + Y by the formula 

\\v \\x+y = inf{||«x||x + \\vy\\y V = Vx + vy, v x G X, vy e Y}. 

In other words, this norm indicates the smallest way one can decompose v 
as a sum of two vectors, one in X and one in Y. 

For example, for a norm controlling both the Nl l x - and £^° t ' 2 -norms, we take 

\\n Nl ^ L7 f = \\nNi % + \\m L ~f- 

As for sum norms, we will often refer to the quantities 

11*11 iv°*+s t 2 ;°- 

This norm will serve an important purpose in the proof of our main results. Like 
in [SI HS1 [T71 [231 [3S], the proof revolves around an elaborate bootstrap argument. 
However, we can take advantage of this specific sum norm in order to simplify some 
technical portions of the argument, as this norm is well-adapted to the decompo- 
sitions required for various Besov estimates. In particular, by inserting additional 
bootstrap assumptions in terms of this norm, we can avoid the infinite decomposi- 
tion process that was required in [5[ [TSl HTJ [23J [23] ; see Section 16.11 

3.4. Conformal Transformations. We turn briefly to the topic of conformal 
transformations of 7. Consider another horizontal metric 7 6 C°°T^Af, defined 

7 = e 2u 7 , u € C°°N. 

We can view this as a family of conformal transformations for the 7[t]'s, such that 
the conformal factors e 2u [T] also vary smoothly with respect to r. If we let I denote 
the volume form associated with 7, then we have 

~, , - ^2ti^ -ah —lu^ab ^ab —2u^ab 

lab = e lab, £ a b = 6 £ a b, 7=6 7, 6=e £. 

As before, we denote objects with respect to 7 with a "bar" over the symbol. 

Remark. In this paper, we are interested only in the special case in which u is con- 
stant on each S T . Thus, on every (S, 7[t]) } we are simply performing the reseating 
described in Section [K7[ except that the scale depends on the t-variable. 
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Since 7 and 7 are horizontal metrics, each has its own associated second funda- 
mental form. A direct computation yields the following relation between them: 

(3.6) k = e 2u k + Vtit • 7, tvk = tr k + 2VtU. 

Remark. On the other hand, the traceless part of the second fundamental form is 
conformally invariant. More specifically, the following formula holds: 

k - ^(tr/c)7 = e 2 

The following proposition compares the i-covariant derivatives with respect to 7 
and 7, as well as the corresponding i-covariant integrals. 

Proposition 3.2. If ^ E C°°T^N , then the following relations hold: 

(3.7) V t [e (z ~ r)u *] = e^^Vt*, Jo [e (Z_r)tl *] = e^"/^. 

Proof. We have from definition and (|3.6|) that 

I 

v t *£::.t = Vt*! 1 :::^ - £(t° 6 *«» - t 06 *™)**^ 

i=l 

r 

i=i 

= Vt<\"t + (r-0-v t «-< 1 ;::*-- 

The first identity in (|3.7[) now follows immediately from the above. 

For the second equality, we begin by applying the first equality to f ^f: 

Applying J - to this yields the identity, since e^~''^ u /Q v E'[0] vanishes. □ 

3.5. Evolutionary Assumptions. In Section l2~3l we defined various regularity 
conditions on a single Riemannian surface in order to derive estimates. The main 
point is not the estimates themselves, as much as the fact that we uniformly con- 
trolled the constants of these estimates by various parameters. Here, we define 
conditions on the evolution of 7 so that such regularity properties on So can be 
propagated to all the S T 's. As a result of these, the estimates of Section [2] hold 
on each (<S, 7[r]), with the same constants. This will play an important role in the 
bootstrap argument that forms the foundation of the proof of our main theorem. 

Our evolutionary assumptions will be given as integral bounds on k and its 
derivative. The specific bounds we will reference are the following: 



(3.8) l|fc|| L - t i < B, 

(3.9) ||V(tr*)||^,i<S, 

(3.10) l|V*|| £ »,' } < B, 

(3.11) inf{ ||$ H^.oc I $ G C°°T§AA, V t $ = €} <B. 



These are mostly the same bounds that were used in [T5]. Recall that £, in p. lip , 
is the curl of k, which was defined in Section |3~21 and in |19j . 
We begin with some simple consequences of (13.81) . 



k - 7:(trA;)7 
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Proposition 3.3. Assume ()3.8|) . If q,pi,P2 G [l)Oo] andq\,q2 G [9,00] satisfy 

then the following integral estimates hold for any 4", $ G C°°TjJ\f. 
(3-12) ll/o*IU;;r \\n L ^ t , 

ll/o(*®*)IUj,r <s 11*11^11*11^2. 

Proof. See [H Sect. 4.3]. □ 

As in [HJ Sect. 4.5], we introduce evolutionary regularity assumptions for (A/", 7), 
which combine the (rO), (rl), and (r2) conditions in Section [2~3l with (|3.8[) - (|3.11l) . 

Definition 3.4. For convenience, we define the following conditions: 

• (Af, 7) satisfies (FO)c,n,b, with data {Ui,<pi,i~ii}fL 1 , iff (5, 7[0]) satisfies 
(rO)c,N, with the same data, and Q3.8P holds. 

• (A/", 7) satisfies (F1)c,n,b> with data {Ui, Lpi,r)i,iji, e l }fL lr iff (5, 7[0]) sai- 
is/jes (rl^jy witft the same data, and (13.81) . Q3.9p . and Q3.1 ip ZioZd. 

• (Af, 7) satisfies (F2) c , n,b, with data {Ui, ipu rji, % e 1 }^, iff («S , 7[0]) sat- 
isfies (r2)c , ! jv wit/i t/ie same data, and (|3.8p . (I3.f0p . and (|3.f f [) /ioid. 

fn this paper, we will not need to further mention the data (Ui, rji, etc.) asso- 
ciated with these regularity conditions. The precise data was required in [19] for 
various technical constructions. The important parameters for this paper are the 
constants C, N , B, associated with some existing data. We list the full definitions 
here in order to maintain consistency with the development in jl9j. 

Remark. In the proof of our main theorem, the above conditions will be derived 
as consequences of the bootstrap assumptions. 

The above conditions imply that the (rO), (rl), and (r2) conditions can be 
propagated from (S, 7[Q]) to all the (5,7[r])'s. To be more specific, we state an 
abridged version of the result proved in [T9j Sect. 4.5]. 

Proposition 3.5. The following statements hold: 

• If (Af, 7) satisfies (FO)c.n.b , then every (S,j[t]), where r 6 [0,5], satisfies 
(rO)c,N, for some constant C depending on C , N , and B . 

• If (N, 7) satisfies (Fl)c,N,B, then every (S,j[t}), where r 6 [0,5], satisfies 
(rl)c,N, for some constant C' depending on C , N , and B . 

• If (N, 7) satisfies (F2)c,n,b, then every (S,j[t\), where r £ [0,(5], satisfies 
(r2)c,N, for some constant C depending on C , N , and B . 

Proof. See [H Sect. 4.5]. □ 



That the regularity properties of Section 12.31 can be propagated to all the S T 's 
implies that various integral norms on the iS T 's are in fact comparable to each other. 
Here, we state these results in a form that we will use later. 

Proposition 3.6. let * 6 C°°TjAf be t-parallel, i.e., that V f * = 0. 

• If (|3.8p holds, then for any q £ [1, 00], 
(3-13) < B ||*[0]|U. 
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• //(TV, 7) satisfies (F1)c,n,b, then for any a £ [l,oo] and s £ (—1,1), 
(3-14) <C,N,B,s,r,l ||*[0]|U-.-. 



Proof. (| 3.13p is immediate, since ^ | is independent of t and J ~ 1 on TV due to 
(HH). The proof of (f3~14l) can be found in [HI Sect. 5.1]. □ 



We now consider Sobolev-type estimates involving all of TV. 
Proposition 3.7. Assume (TV, 7) satisfies (FO) c ,n,b- If * € C°°T[TV, t/iera 

(3.15) 11*11^,- < B ||*[0]|U; + ||V t *||y|*||f ?;2 , 

<c,iv,B ||*[o]|Uj + ||v^||J ? ,,(||v*|| i? ,, + 

Proo/. See [Tl Sect. 4.6]. □ 
Proposition 3.8. Assume (TV, 7) satisfies (Fl) c , n,b- If * 6 C°°T[TV, then 

(3.16) ||*||^, 1/2 ;^..v./..,, ||*[0]]] ffl/2 + ||V t *||* (||V*|U a + ||*|| L 2, 2 )i 

Proo/. See [H Sect. 5.1]. □ 

3.6. Bilinear Product Estimates. The following bilinear product estimates, all 
proved in [19., will be essential to the proof of our main results. 

Theorem 3.9. Assume that (TV, 7) satisfies (F\)c,n,b- Furthermore, fix horizon- 
tal tensor fields * £ C°°T r ^J\f and $ £ C°°T[W. 

• If a £ [1, 00], s € (— 1, 1), and $ is t-parallel (i.e., Vt* = 0j ; i/ien 

(3.17) ||4>®*|| sa , 2 , s ^C,N,B,s,n,h,r2,l2 (||V$|| i? , 2 + ||$||^2)H*[0]|| B a,. 

t ,t.X t.X X ,t C|33 

• // a £ [1, 00] and s £ (— 1, 1), i/ien 

(3.18) n/*($ ® *)ii fl ..-.. <c,j V ,fl,.,r I ,i 1 ,m,i a (iiv$n i? . a + \\n L -f)\\n B ^' 

(3.19) ||$ ® /S*|| flj; .^ <£7,JV,B,.,r I ,I 1> m,I a (IIVSHiM + 

• TTie following estimates hold: 

(3-20) ||$®*|| fl „,o <C,N,B,r u l u r 2 ,h ||*lhv»J|*||tf»,, 

(3.21) ||/o(Vt*®*)|| fl ~.o < < 7,^B,r 1 ,l 1 ,^,J a 11*11^11*11^. 

Proo/. See [H Sect. 5.2-5.3]. □ 
By aggregating norms, we can combine some of the above estimates: 

Corollary 3.10. Assume that (TV, 7) satisfies (F1)c.n.b- Furthermore, fix hori- 
zontal tensor fields * £ C°°T$*Af and $ £ C°°T£N . 

(3.22) ||/*($ g) ¥)|| fl »,o <<7,^,B,r 1 ,r,i,Ix,l a ll $ lliv°*+B?;° H*llw& ni"; 2 ' 

(3.23) ||*®/o*llfl?.o< C,N,B,ri,r 2 ,lite 

t.x t.x' ' X.t t,X ' t.X 



14 



On the last point, see 1 191 Sect. 4.3]. 
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Proof. We begin with (|3.22[) . Given a decomposition <£> = $1 + <t> 2 , 

® *)|| sr ,o < !!/*($! ® M/)IU r/ + ($ 2 ® *)|| B «, 

< ll/o(*i ® *)II B ~.° + ll $2 lls t 2 : °ll*IU- nL- 2 ' 
where we applied (pU8)) . If $ 6 C°°T^M satisfies V t $ = *i, then by (ET2Tj) . 

ll/o(*i®*)[l fl? - = ll/o(V t $o®*)|| B ».o < ||$olU- ||*IU t i v 
Varying over all possible $o's, the above implies 

l|/o(*i ® *)lls-° £ H*illjv?*ll*IU»nL- i a > 
||/ (<f ® *)[| B ».o < (||$i|U- + ||$ a || B? ,o)||*||„ H ni « ». 

t,a; r - J - t.a; t,x x,t 

Varying over all decompositions $ = $1 + $2 yields (|3.22[) . 

For (|3.23p , we begin by assuming a similar decomposition = + vE^j so 

ll*®/0*llfl?-° £ ll*®/o*l|l Bt 2 .° + ll*®/o*2|| S ^ 

£,:r t , x t,x 

< II* ® /o*ill Bt 2 ; « + ^H $ HiV»niS 2 ll*2|| B?: o, 
where we also applied (|3.19l) . For any i-parallel G C°°J^Af, we can bound 

II* ® /o*lHfl^ £ II* ® (/o*l + ©)II B ^ + II* ® ©IIb?;"' 
Applying (|3.17[) and (|3.20j) to the terms on the right-hand side yields 

ll*®;S*ill B ^ < 11*11 N&nLtfV* ll/o*i + eik» + l|0[o]|Uo) 

Moreover, since 9[0] = (/ * + 6)[0], then 

l|0[O]|| B o<||0[O]|| B v 2 < ||/o*i +0|U»- 

Note any (covariant) i-antiderivative of "J/i can be written as /q^i + O for some 
i-parallcl 9 € C°°TjAf. Thus, combining the above developments, we have 

||$®/o*l|| B?; o < (l + ^)||*IUi« >nL -.-||*l|| J V?*, 

II*® /o*lls f 2 ; « < C 1 + < ^)H*IU t 1 inL^ 2 11*11 
which completes the proof of (|3 . 23[) . □ 

The following sharp trace estimate is also established in |19) (and is a variation 
and simplification of similar estimates found in [51 I24|). 

Theorem 3.11. Assume that (A/ - , 7) satisfies (F2)c,n,b- Let * G C°°TfN, and 
suppose \ti,$2 G C°°Tr+iA/" are sucft £/ia£ i/ie decomposition 

= V t *i + *2 
holds. Then, we have the following estimate: 

(3.24) 11*11^ < C ,N,B,r,l (1 + ||fc|| i: . r )(||*|k» + ll*l|U- + ll*2|| B?; o). 

Proof. See QH Sect. 5.4]. □ 

Combining Theorem 13. 1 II with our aggregated norms yields the following. 
Corollary 3.12. If (A/ - , 7) satisfies (F2) c ,n,b, and i/$G C <x "TJJ\f, then 

(3.25) ||v]/|| l; », 2 < C ,N,B,r,l (1 + ||fc|| L ^)(||*|U- + l|V*IUa. +B?; o). 
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3.7. Besov-Elliptic Estimates. In Scction l2~4l we cited L 2 -elliptic estimates on a 
surface (S, h), given a weak regularity condition for the associated Gauss curvature. 
Here, we state analogous estimates in geometric Besov spaces. 

First, we port the (k) condition in Section [2^41 to the foliation setting. 

Definition 3.13. (TV, 7) satisfies (K)c,d, with data (/, W, V), iff: 

• / G C°°M satisfies the uniform estimate 

C- 1 </| (T ,x) <C, (r,x)GAf. 

• V G C°°T^N and W £ C°°Af satisfy 

\\V\\ ^,1/2 < D, \\W\\ L? ,.,<D. 

t,x t,® 

• JC can be decomposed in the form 

K-f = 7 afc V a 14 + W . 

Note that (K)c.d implies that every (<S, j[t\) satisfies (k)c,u', for some constant 
D' depending on C and D. Moreover, if D is very small, then so is D'. 

Given the (K) condition, we can prove integrated Besov-elliptic estimates in- 
volving operators of the form VI? -1 , where T> is any of the Hodge operators. 

Theorem 3.14. Assume (J\f, 7) satisfies (Fl)c",7v and (K.)c,d, with D -C 1 suffi- 
ciently small. In addition, suppose p € [1, 00]. 

• If * G C°°TjAf, then 

(3-26) ||*|| if;r < c ,^ riJ ||V*|| flf .o + ||*|| L ^. 

• If a G [l,oo], if V is any one of the operators D\, T>2, D\, and if £ is a 
smooth section of the appropriate Hodge bundle on Af, then 

(3.27) \\VV-^\\ B a f , <c,n M\\ B7 , r . 

Proof. See [HI Sect. 6.5]. □ 

Finally, the (K) condition implies weak control for the Gauss curvatures. 

Proposition 3.15. Assume (Af,j) satisfies (Rl)^^ and (K)^^, the latter with 
data (/, W, V), and with D <C 1 sufficiently small. Then, 

(3.28) \\JC -f\\ H ^- 1/2 <D. 

Proof. See [H Sect. 6.5]. □ 



4. Null Cones to Infinity 

In this section, we describe in detail the setting that we will consider: a geodesi- 
cally foliated smooth null cone extending "toward infinity" . In particular, we define 
the associated connection and curvature quantities, and we list the null structure 
equations which relate these quantities. Finally, we apply a renormalization in order 
to transform our physical system into another which is more sensible to analyze. 

Throughout, we will let (Af, g) denote a four-dimensional orientable Lorentzian 
manifold which satisfies the Einstein-vacuum equations, 



Ric g = 0. 
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4.1. Geodesically Foliated Null Cones. Although one can foliate a (truncated) 
null cone in many different ways — for example, foliations using a time or an optical 
function have been used in some applications, cf. [HI HI El HH HS1 HZ] — the geo- 
desic foliation is the simplest algebraically. Indeed, the geodesically foliated setting 
contains the least number of connection coefficients to work with, and it does not 
depend on quantities external to the geometry of the spacetime (M,g). 

First, let S be a compact 2-dimensional spacelike (i.e., Riemannian) submanifold 
of M that is diffeomorphic to § 2 . This will serve as the initial sphere, or base, of 
our null cone. To construct our cone, we define the following: 

• Let So G (0, oo), and suppose S has area Attsq. 

• For each point p G S, we let £ p denote a future-directed null tangent vector 
at p that is orthogonal to S. Furthermore, we choose these vectors such 
that these ^ p 's vary smoothly with respect to p. 

• For each p 6 S, we let X p denote the future-directed null geodesic 

A p : [s , oo) ->■ M, X P {s ) = p, A p (s ) = t p . 

Suppose every X p , p G S, is well-defined on the entire half-line [so,oo). Then, 
we can define the future null cone Af beginning from S as the set 

{X p (v) p G S, v G [s ,oo)} 

traced out by the A p 's. In addition, we assume the following for Af: 

• No two distinct A p 's intersect. 

• This family {X p \ p G S} of null geodesies has no null conjugate points. 

Under these assumptions, Af forms a smooth null hypersurface of M; see [5]. In 
other words, Af is a regular outgoing future null cone extending to infinity. 
Let s : Af — > K denote the affine parameter, satisfying 

s(X p (v)) = v, P&S, vG[s ,oo). 

In particular, s is a smooth function, and its level sets 

S v = {q &Af \ s{q) = v} 

are diffeomorphic to S. As a result, we can reformulate Af as 

(4.1) Af = \J S v ~ [s ,oo) x S ~ [s ,oo) x S 2 , 

known as a geodesic foliation of Af. We will consider Af both as a smooth null 
hypersurface of M and as a spherical foliation, depending on context. In the latter 
characterization, we retrieve a special case of the abstract setting of Section [3] 
We also define the following vector fields on Af: 

• We define the tangent null vector field L on Af as 

L\\ p {v) = Xp{v), P^S, uG[s ,oo). 

By definition, L is geodesic, and Ls = 1 everywhere. In particular, L is 
transverse to the S^s, so the <S„'s are Riemannian submanifolds of Af. 

• Let L denote the conjugate null vector field on Af, which is orthogonal to 
every S v and satisfies g{L,V) = —2. Note that L is transverse to Af — for 
any q G Af, the vector L\ q is a tangent vector for M, but not Af. 



15 In other words, sq is the "radius" of the initial sphere S. 



NULL CONES TO INFINITY 



27 



By combining the null vector fields L and L with local (g-)orthonormal frames 
tangent to the S v 's, one obtains the usual local null frames on J\f. 

Considering Af now as the foliation (|4.1[) . we can define the horizontal metric 
jj £ C°°T^J\f to correspond to the metrics on the 5„'s induced by g. Furthermore, 
by fixing an orientation for S, we define a natural orientation for each S v . These 
orientations define the volume form ( £ C°°T^Af associated with j. 

From now on, objects defined with respect to jj and j. will be denoted with a 
"slash". For example, the covariant derivative with respect to j is denoted J/. 

Remark. In this setting, the evolutionary derivative operator is s , with respect 
to j and the s-foliation of Af '. From definition, one can show that'll s , as defined 
in Section \3.2l coincides with the operator l , defined as the projection of the 
spacetime covariant derivative Dl to the S v 's. This derivative y l is the operator 
that was utilized in previous works, e.g., [8l I10 [ IT5 l I17 [ l24l I25j . 

4.2. Connection and Curvature. Next, we define the Ricci coefficients on Af. 
These are connection quantities, expressed as horizontal tensor fields, that describe 
the derivatives of L and L in directions tangent to Af. Throughout, we let D denote 
the restriction of the spacetime (g-)Levi-Civita connection to Af. 
In the geodesic foliation, the Ricci coefficients are the following: 

• Define the null second fundamental forms x> X £ C^T^M by 
X (X,Y)=g(D x L,Y), x(X,Y) = g(D x L,Y), X,Y£C°°T^Af. 

Since L and L are orthogonal to the S v 's, both \ and x are symmetric. In 
particular, the trace and traceless parts of x (with respect to jj), 

ftx = r b xab, x = x-\{^x)ii, 

are often called the expansion and shear of TV, respectively. The same 
trace-traceless decomposition can also be done for %. 

• Define the torsion ( £ C°°r?7V by 

{(X) = ~g(D x L,L), X£C°°T} ) N. 
Furthermore, one can explicitly compute the associated 7f-second fundamental form: 

For details, see, e.g., the proof of [8] Lemma 2.26]. 

Now, let R denote the spacetime Riemann curvature tensor associated with g. 
We can then define the following null curvature components, 

a,a£C QO T°AT, a(X, Y) = R{L, X, L, Y), a(X,Y) = R(L,X,L,Y), 
f3,§_£C°°T°Xr, f3(X) = ^R(L,X,L,L), §{X) = ^R(L,X,L,L), 

p,a£C°°N, p = -R(L,L,L,L), a = -*R(L,L,L,L), 

where *R denotes the left (spacetime) Hodge dual of R (with respect to a fixed 
orientation of AI). In the Einstein- vacuum setting, these curvature components 
comprise all the independent components of R. 
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Finally, we define the mass aspect function on M by 

M e c°°aa, » = -r'faa - p + Ir^xa^ 

This quantity plays a essential role in the proof of our main theorem. On the 
physical side, it is also related to the Hawking masses of the S v 's; see [4]. 

The Ricci and curvature coefficients are related to each other via a family of 
geometric differential equations, known as the null structure equations. We now 
state these identites in terms of the induced metrics jf and volume forms j.. For 
details and derivations, see, for example, [HIH]- 

Proposition 4.1. Assume that all geometric quantities are defined with respect to 
jf, j., and s. Then, the following structure equations hold on N '. 

• Evolution equations: 

(4.2) fsXab = - f~ d XacXbd - Ctab, 

f s ( a = -2f C X abCc - Pa, 

VsKab = -ifaCb+fbCa) ~ ^ (XacX bd + XbcX ad ) + 2CaC& + Pjiab- 

• Elliptic equations: 

(4.3) p 2X a = -Pa + \fa^X) + "ft* X)(a ~ f^abCc, 

p!( = -(p + iv)-p + \(T C + H ac )ii bd xabx cd - 

• Gauss- Codazzi equations: 

(4-4) fbXac - fcXab = -ibda d Pd + XabCc ~ Xac(b, 

1t = -P+\{t C 1l M -t b t d )XabX cd - 

• Derivative evolution equations: 

(4.5) f.fafcx) = -i bC Xabfc^x) - 1ii hC j{ de XbafaXce, 

+ n ab r d xa$bU - 2r b f d xac(b( d 
+ \r h ^x)CaCb - \r b r d ^x)x^x bd . 

• Null Bianchi equations: 

(4.6) f s P a = p 2 a a - 2(t* xWa + fXbCtac, 

f s ( P + ia) = ptf -|ftfrx)(p + ^) - (r b - H ab )(tah + \t d X a a hd ), 

f s P a =n( P - ia) - (tfr X )P a + KaP - Ha'tbO- + n bC Xjc 

4.3. Minkowski and Schwarzschild Null Cones. Recall that the Minkowski 
spacetime can be represented as (M,g) = (R 1+3 ,?y), where ij is the Minkowski 
metric, which in polar coordinates can be written as 

Tj = -dt 2 + dr 2 + r 2 dVL, 
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where dfl is the standard Euclidean metric on § 2 . The standard future outgoing 
(truncated) null cones in Minkowski spacetime are given by 

Af = {t-r = c, r> r }, c£M, r > 0. 

An affine parameter for N that is compatible with the general setting of Section 
14.11 is s — r, i.e., the radial function. The associated null vector fields L and L are 

L = dt + d r , L = dt — d r . 

On A/", the induced horizontal metric is given by jf[v] — v 2 dfl. The values of the 
Ricci coefficients for this foliation of N are well-known: 

X = r~ 1 jf, X = -r _1 7f, C = 0. 

Moreover, since Minkowski spacetime has zero curvature, all the curvature compo- 
nents a, /3, p, a, a (with respect to this foliation) vanish. 

These constructions can be generalized to Schwarzschild spacetimes. We sum- 
marize the relevant computations for this case below; for further details, see [BJ. 
Fix a mass value m > (the case m = reduces to the above Minkowski setting). 
The outer region, in which our null cone will lie, can be expressed as 

M = Rx (2m, oo) x § 2 , 

with the Schwarzschild metric g, given in standard coordinates by 

9 = -ll jdt 2 + il J dr 2 + r 2 dQ. 

To describe the canonical null cones, we first recall the "tortoise" coordinate 

r* = r + 2m log ( 1 ] . 

\2m ) 

Then, the standard null cones can be expressed as 

J\f={t-r*=c, r > r }, eel, r Q > 2m. 

Like in the Minkowski setting, one can take the radial function s = r (not r* ) as an 
affine parameter for Af, which is compatible with the development in Section 14.11 
Moreover, the associated null vector fields are 

The induced metric is once again j/[v] = v 2 dfl 2 . Next, one can compute the Ricci 
and curvature coefficients corresponding to the above affine foliation of M. For the 
Ricci coefficients, one obtains the following values: 

(2m \ 
— ( = o. 

The only nonvanishing curvature coefficient is p, whose value is 

_ 2m 

Combining the above with the definition of p, we see that 

_ 2m 

In the remainder of this section, we will focus exclusively on near-Minkowski 
and near-Schwarzschild null cones. More specifically, we will consider geodesically 



30 



SPYROS ALEXAKIS, ARICK SHAO 



foliated null cones whose associated Ricci and curvature coefficients deviate very 
little, in some sense, from the above known Minkowski and Schwarzschild values. 
The main theorems will state, roughly, that if the curvature components of an 
infinite truncated null cone AT are close to their Schwarzschild values (for some 
fixed mass m > 0), and if the Ricci coefficients are also initially close to their 
Schwarzschild values (with the same m), then the Ricci coefficients will remain 
close to the corresponding Schwarzschild values on all of N. 

4.4. The Renormalized System. We return now to the abstract setting of Sec- 
tions 0TT] and S21 To develop our main results, we must accomplish the following: 

• Quantify the deviation of AT from a Schwarzschild null cone. 

• Perform analysis on these deviations, which are expected to be small. 
For this purpose, we wish to renormalize our system on Af into an equivalent system. 
In particular, we would like for our renormalized system to satisfy the following: 

• The level spheres of the foliation have nearly identical area. 

• The interval of the foliation is finite rather than infinite. 

Throughout, we fix a mass value m > 0, and we suppose that sq > 2m. 

We will accomplish this renormalization in two steps. For the first step, we define 

i.e., the rescaled horizontal metric. In particular, this leads to the identities 

«— 2j, „,a& 2 jab _ n -2y ^ab 2 jab 

lab = S -ff ab , 7 = S 7 , E ab = S <f ab , £ = S f , 

Remark. Note that the above is a special case of an s-dependent rescaling of jf. 
Thus, other geometric quantities, such as V, A, /C, V S; etc., transform according 
to the general formulas presented in Sections \2.1\ and \3.4\ 

In the second step, we apply a change of variables to s by defining 

t:Af-tR, t = l-—. 

s 

Note the level set s = So corresponds to t — 0, while the limit s /*■ oo corresponds 
to t /~ 1. We can now consider M as a foliation in terms of t: 

W ~ [0, 1) x <S ~ [0,1) x§ 2 . 

In particular, this reduces the problem of infinite null cones to a finite cylinder. 
Note that s and t are related to each other as follows: 

s dt s (1 — t) 2 ds s s 2 

1—t ds s 2 so dt (1 — t) 2 so 

To simplify matters, we let S T denote the corresponding level set of t: 

S T = {z£j\f\t(z)=T} = Sj?o_. 

1 — T 

Note that this change from s to t leaves 7, e, V, and /C (with respect to 7) 
unchanged. On the other hand, the vertical Lie and covariant derivatives with 
respect to t differ from those with respect to s: 



ds „ s 2 „ _ d 



s. 



Ct = -jrC s = —jC s , V* = — V, = — V s . 

at so dt so 

Here, the covariant operators Vt and V s are with respect to 7. 



^This closeness will, of course, be at the level of curvature flux. 
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Finally, we renormalize the remaining givens and unknowns of our system. In 
other words, we make corresponding renormalizations for the Ricci and curvature 
coefficients by defining the following quantities: 

• Renormalized Ricci coefficients: 

H = Sv\x-s-H), Z = s 1 sC K=s- 1 x + s- 2 [l- 2 -^i i . 

• Renormalized curvature coefficients: 

A = s 2 s 2 a, B = S(7 2 s 3 /3, R = Sq 1 [s 3 (p + ia) + 2m], B = s/3_. 

• Renormalized mass aspect function: 

M = SQ 1 (s 3 (i-2m). 

Note these quantities measure the deviation from Schwarzschildean values. 

From the above definitions, we can compute how norms change when we switch 
from the physical (jf, s)-system to the renormalized (7, i)-system. In particular, 
given p,q G [1, 00] and VP £ C°°T^J\f , we have 

(4.7) ii*Hl- = 4n*'" r " f " f *ik-j> n*ik? = 4p l - r -«-*n& 

Other norm relations can be similarly computed. 

We can also compute the second fundamental form k associated with our folia- 
tion, with respect to the metric 7 and with respect to t. This yields 

(4.8) k = \c a = \-£s{ s - 2 it) = -{x *"V) = h. 

4.5. The Renormalized Structure Equations. We can now reformulate the 
structure equations in terms of 7, t, and our renormalized quantities. 

Proposition 4.2. Assume all geometric quantities are defined with respect to 7, e, 
and t. Then, the following structure equations hold on N '. 

• Evolution equations: 

(4.9) V t H ab = -~f cd H ac H bd - A ab , 
V t Z a = -2~t hc H ah Z c - B a , 

VtK ab = -(V a Z b + V b Z a ) - ^j cd (H ac H bd + H bc H ad ) 

+ ( x ~ v) Hab + 2(1 ~ t)ZaZb + {RcR ^ ab - 

• Elliptic equations: 

(4.10) V 2 H a = -(1 - t)B a + Z a + lv a (trtf) + 1(1 - t)(trH)Z a 

- (1 - t)~f bc H ab Z c , 
V X Z = -R- M + l( 7 ac + le^h^HabHcj. 

• Gauss- Codazzi equations: 

(4.11) \7 b H ac - V c H ab = -e bc e a d [(l - t)B d - Z d ] + (1 - t)(H ab Z c - H ac Z b ), 

1 — t ( 1m \ 1 
K-l = -(l-t)(Rei2) + — - 1 \\xH--\xH 

A \ S / A 
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1 - t 



(7 7 -7 7 )Uab£L 



ab_,cd\ 



■cd ' 



• Derivative evolution equations: 



(4.12) 



V t V„(trff) = -Y c H ab V c (trH) - 2 1 bc 1 de H bd V a H ce , 

VtM = -~(tiH) [M + — J - 2(1 - t)~f ab Z a B b 

+ 2 7 a V d ^acV b ^ - 2(1 - t) 7 ab Y d H ac Z b Z d 
+ 2 1 ab Z b V a {trH) + ^ 7 ab [(l - t) trff + 2}Z a Z b 



ab cd 

7 7 



1 



2m 
s 



H ac H b d ■ 



• Null Bianchi equations: 



(4.13) 



V*S a = (1 - tJ-^aA. - 2(tvH)B a + ~f bc Z b A ac , 



V t R = V 1 B--(trH)[R 



2m 

so 



( 7 ab - ie ab ) 



(1 - t)Z a B b + \! cd H ac A 



bil 



I 2m 

V t B a = V\R - {tvH)B a + 3(1 - t)Z a [ReR 

- 3(1 - t)e a b Z b (ImR) + 2(1 - i) 7 bc i£ ab 5 c . 

Proof. We show the first equation in (|4.9p ; the remaining equations are derived 
similarly. Letting J — x ~ s_1 7f? the first equation in (|4.2[) implies 

fsJab = ~ji Cd XacXbd ~ a ab + S~ 2 jl = -ii cd J ac J bd - 2s~ 1 J ab - Ct ab . 

The above can be rewritten as 

y7 s (s 2 J) ab = ~s 2 ji cd J ac J b d - s 2 a ab = -j cd J ac J b d - s 2 a ab . 
From the relation (|3.7[) between J/ s and V s , we obtain 

V s J ab = s- 2 f s (s 2 J) ab = s- 2 -i cd J ac J bd - a ab . 
Since H = Sq J and Vt = s ~ 1 s 2 V s , we obtain, as desired, 

V t H ab = s Q 2 j cd J ac J bd - s Q 2 s 2 a ab = Y :d H ac H bd - A ab . □ 

Remark. Note in particular that the quantities 



2m 2m 
s s 

which are constant on any S T , always lie between and 1. 

Remark. We also remark that the trace and traceless parts of H and H_ are always 
taken with respect to the renormalized metric 7. 
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5. The Main Results 

With the definitions and relations in place, we can now state the main results of 
this paper. First, we state the main theorem in terms of the renormalized setting. 
In fact, this renormalized result is the one we will directly deal with in the final 
section of this paper. Finally, we reverse the renormalization procedure in order 
to order the precise "physical" version of the main theorem of this paper, i.e., in 
terms of the spacetime metric and geometry. 

Again, we assume the definitions and constructions of Section 2] We also assume 
m > 0, and we suppose the initial radius sq of S satisfies sq > 2m. 

5.1. The Renormalized Main Theorem. The first main theorem we state is in 
the renormalized setting, where all the analysis will take place. 

Theorem 5.1. Assume the constructions of Sections \4-l\ and \4-4\ an d assume 
all quantities are defined with respect to 7 and t. Assume also the following: 

• m > 0, and sq > 2ro. 

• S = Sq, along with the Riemannian metric 7[0], satisfies {v2)c,n- 

• The following curvature flux bounds hold on Af: 

(5.1) \\A\\ L >., + \\B\\ Lll + \\R\\ L 2,2 + \\B\\ L # < r > 

• The following initial value bounds hold on Sq : 

(5.2) ||(trZQ[Q]|| is . + \\H[0]\\ Hir2 + \\Z[0]\\ H y, < T, 

\\H[0]\\ B ° + ||V(trff)[0]I B o + ||M[0]|| B o < V. 

J/T<1 is sufficiently small, with respect to C and N , then we have the following 
bounds for the connection coefficients on Af: 

(5.3) ||trff|| £S oo<r, 

\\V t V(tvH)\\ Ll , + || V t M |j L 2,i <r 7 
||V(trH)|| i: . rnB -,o + ||M|| i: , ?nB -.o + \\H\\ L l 7 nB^ S 
l|V#IUo* +B = ; c + llV^II^+^.o + HVtffHjvj.+B^ < r, 

||/c-i||„«,_ l/3 <r. 

Moreover, Af , with respect to the t-foliation and the renormalized metric 7, satisfies 
the conditions {F2~)c,n,d and (K)ijj, where D ~ T <C 1. Furthermore, for each 
< t < 1, we have the refined curvature estimate 

(5.4) ||/C[r] - l\\ H - 1/2 < || tr H[t]\\lI + i 1 ~ T ) r - 



Remark. In particular, the conclusions of Theorem \5.1\ imply that each t-level set 
(§ 2 ,7[r]) satisfies the (r2) and (k) conditions uniformly. 

Roughly speaking, Theorem 15 . 1 1 controls the geometry of Af, in the renormalized 
setting, all the way up to infinity, i.e., < t < 1. Furthermore, we can use the 
results of Theorem 15.11 in order to obtain similar control at infinity, that is, at 
t = 1. This is a fairly standard but technical process that involves generating the 
appropriate limits of our renormalized quantities, though the argument here is a 
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bit further inconvenienced by the fact that the geometries of the S T 's, and hence 
the spaces and norms under consideration, vary with respect to r. 

Corollary 5.2. Assume the same hypotheses as in Theorem \5.1[ 

• As t /* 1, the metrics j[t] on S converge uniformly to a continuous metric 
7[1] on S. Furthermore, the Jacobians J\r\, and hence the volume forms 
e[r], also converge as r / 1 to continuous limits and e[l]. 

• Let V T denote the Levi-Civita connection associated with j[r\. Given any 
F £ C^TfS, the differential V T F has an L 2 -Umit as t / 1.0 In other 
words, the convergence of j[t] to as t /* 1 is "in H 1 ". 

In addition, we have the following limits for scalar quantities: 

• tx H[t] has a continuous uniform limit, trif[l], as r /* 1. 

• H, Z, H_, V(trif), and M have L 2 -limits as r /■ 1. 

The proof is given in Section [5.21 Below, we list a few related remarks: 

• With more careful arguments, one can show more regularity for the limits in 
Corollarv l5.2l In general, the limit of a quantity at t = 1 can have the same 
regularity as its initial value. For example, as one assumes £>°-control for 
H[0], then H[l] should also be a 5°-type limit for the #[r]'s. Similarly, 
one expects if 1 / 2 -type limits for H[t] and Z[t] as t / 1. 

• It is also possible to show that (<S, 7[1]) satisfies (r2). This is the natural 
continuation of the fact that the (£>,7[t])'s satisfy (r2) uniformly. 

• From the second equation in f|4.11[) . one sees that the Gauss curvatures 
/C[t] converge, as t / 1, weakly to 1 — (trif)/2; see also (|5.4|) . 

Some of the limits from Corollary 15.21 in principle, have physical significance. 
For instance, for certain asymptotically spherical foliations, the limits for M and 
Z can be connected to the Bondi mass and the angular momentum associated with 
J\f. This will be discussed in further detail in pQ. 

5.2. Proof of Corollary 15.21 Fix X, Y E C°°TqS. For convenience, we also 
denote by X and Y their equivariant transports, i.e., the fields 

X,Y <EC°°TlAf, X\t]=X. 

In addition, fix < t < r' < 1 and igS. First, we estimate the difference 

|7[r'](JC J F)-7[r](X,y)|U< jT \(£ tl )[w](X,Y)\\ x dw 

<J^ \H[w]\\X\\Y\\ x dw, 

where the | • |'s in the integrand on the right-hand side is with respect to j[w]. 
Moreover, by the (rO) condition uniformly satisfied by the (<S,7[w])'s, 

independently of w. Thus, 

h[r'}(X,Y) - 7 [r](X,F)|U < (r' - r)i\\H 



As all the JT[t]'s, where < T < 1, are comparable (see [191 Sect. 4.3]), then this convergence 
is in fact independent of the volume form e[r] chosen for the L 2 -norm. 

^This can shown rigorously using the coordinate-based Besov-type norms from | 19| . 
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and it follows that 7[t](A, Y) converges uniformly as r / 1 to a continuous limit. 
Since this limit clearly depends C°°iS-linearly on both X and Y, it follows that this 
limit defines a continuous (Riemannian) metric 7[1] on S. 

Next, since £ t J — tr H ■ J by (|3.5[) . and since e[r] = J7"[r]e[0], by an argument 
similar to the above, we also obtain analogous continuous limits for J and e. 

For the limiting connection, we again use F to also denote the equivariant trans- 
port of F as in the hypothesis. Applying the first identity in (|3.4j) . we obtain 

|£*VF| < |V£ t F| + |Vfc||F| < |Vfc||F|. 

As a result, for any G G C°°T/ +1 <S, we can estimate 



\V T F(G)-V T F{G)\\ L , < 



\£tVF[w]\\G\dw 



L'i 



< 



| Vfc[ui] \dw 
<(r'-r)i\\VH\\ L , 



\F\\ 



\G\ 



L 2 



Note that since the ^[wj's are all mutually comparable, the specific choice of *y[w] 
with which to define the above L 2 -norms does not matter. From the estimate, it 
follows that V T -F(G) has an I/ 2 -limit as r /*• 1. As before, it is clear that this 
limit is C°°iS-linear with respect to G, hence we obtain an L 2 -tensor field V 1 ^, 
which represents the (L 2 -)limit of \ 77 ' F as r / 1. Furthermore, from distributional 
considerations, one can show that this operator V 1 corresponds to the (weak) Levi- 
Civita connection associated with 7[1]; see, for instance, [14] . 

It remains only to derive limits for the renormalized Ricci coefficients. The 
arguments for all the quantities are rather similar. For example, 



\\M[t']-M[t]\\ 



Li 



< 



V t M[w]dw 



< HViMl 



Li 



where the norm on the right-hand is over the segment of M corresponding to the 
region r < t < r' . By the estimate for VtM in (|5.3p . the right-hand side becomes 
arbitrarily small as r' — r — > 0. It follows that M[r] has an L 2 -limit as t /* 1. 

The remaining L 2 -estimates for H, Z, H_, and V(tri?) are obtained similarly. 
The only complication is the tensorial nature of the limits, which can be handled 
in a similar manner as in the arguments for 7[1] and V 1 . Finally, to see that triJ 
has a continuous limit, one needs only note that by (|4.9|) . 



|V t (trfl)|[, 



< \\H 



< CO. 



5.3. The Physical Main Theorem. The final task, besides the proof of Theorem 
15.11 is to translate the contents of Theorem 15.11 back into the physical setting. In 
other words, we want to state its hypotheses and conclusions in terms of jf, s, the 
Ricci coefficients (x, Xj 0) an d the curvature components (a, /3, p, a, /?). 

Since the level spheres S v , with respect to jf 1 do not generally have near- unit 
area, we must, for technical reasons, define our Sobolev and Besov norms in the 
physical setting slightly differently. To be more specific, we wish for our norms here 
to be natural rescalings of the corresponding norms defined in Sections 12.21 
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First, given b e R, ^ G C°°'TJN', and v > sq, we define the Sobolev norm 

(5.5) \Mv]\\ n = \\(v- 2 I-fi)H[v}\\ Px , 
Similarly, we define the Besov norm 

(5.6) \Wv]\\p> .=v- b Y,2 bk \\P k Mv}\\K+^ b \\ P <oMy}\\^ 

k>0 

where the P^'s and P<o are the L-P operators, with respect to the renormalized 
metric 7. One can compute directly the following scaling relations: 

(5.7) \\mWm = v l - r - 1+b \mv]\\n> = « , " r ~ 1+i ll*MII«- 



The left hand sides in (|5.7j) are stated with respect to 7 and s. 
We can now state fully the physical version of our main theorem. 



Theorem 5.3. Assume the constructions of Sections \4-l\ \4-2\ and \4-4\ and assume 
all quantities are defined with respect to 7 and s. Assume also the following: 

• m > 0, and sq > 2m. 

• S, with the normalized metric Sq 2, //[so], satisfies (r2)c,N- 

• The following curvature flux bounds hold: 



(5.8) 



* IK<%;2 + s o 'II s Phil + s o WBtii - T > 



2m 



+ s o 2 \\s°~L 2 A < r , 



The following initial value bounds hold on S = S So . 



(5.9) 



so 



*X- -)[«>] 



+ sS\\(x-so 1 MM\\ f ti/* <r 



X + So" 1 (1 



s \\7Wx)[so]\\m + s 



2m 
so 



2m 
*o 



*0. 



[so] 



<r. 



< r. 



If r is sufficiently small, with respect to C and N , then 



(5.10) 



s' #X-~ 



<r, 



s 3 IKx - s-H)\\f,? tl * + s o 5 Kfe= ;$ r - 
so 1 ll« l (x-*" 1 ^)llrt.- + «o 1 ll* § CII^.- ^r, 

so" 1 liy s [s 2 (x - s- x 7)] + Sq * ||«yxll^ : ; + % h \\x - £ r > 

*o i l^.(« 2 OII^;;+*o*ll*yCII« : s+*o i IICII^ ; ;^r, 



s M 



X + s- 1 1 



2m 
~ I 5 " 

2m \ 



<r. 



^More specifically, we consider the spectral decomposition of A, not A. 
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Thanks to (|4.7[) and (|5.7|) , Theorem 15.31 follows immediately from Theorem 15.11 
Indeed, all the assumptions from Theorem 15.11 are the same as those in Theorem 
15.31 after applying the aforementioned renormalizations and changes of variables. 
Moreover, the conclusions from Theorem 15.11 include those in Theorem 15.31 



Remark. One can also define variants of the fi- and J^-norms, involving integrals 
over both s and the spheres. Then, the Sobolev and Besov estimates in (|5 . 3[) will 
also translate directly to corresponding Sobolev and Besov estimates in (|5.10l) . 

5.4. Some Extensions and Consequences. Recall that throughout this section, 
we have assumed that TV remains a smooth null hypersurface of (M, g) extending 
to infinity. With a carefully constructed setup, however, one can actually assume a 
bit less. To demonstrate, we suppose only that the null geodesies A p , p £ S, which 
generate TV" never intersect each other. In particular, we leave open the possibility 
of null conjugate points forming along some X p . 

From local considerations, we know that TV is smooth on some sufficiently small 
interval, say, < t < 8, where 8 E (0,1]. Suppose in addition the initial value 
assumptions (|5.9|) hold, and suppose the curvature flux assumptions (|5.8[) hold on 
the null cone segment TVs ~ [0, 8) x § 2 . E In this case, one can still apply the same 
analytical process as in the proof of Theorem 15. II (see Section [6]) in order to obtain 
the bounds (|5.3[) . and hence (|5.10l) . on Ms- 

In particular, this restricted version of (|5.10[) implies ifcx is uniformly bounded 
on J\f$. That i/r \ does not blow up implies no null conjugate points can form on TV5, 
nor at its upper boundary t — 8; see [5]. As a result, TV remains smooth on some 
strictly larger interval < t < 8', with 8 < 8' < 1. Now, if the (weighted) curvature 
flux remains small on TVy = [0,(5') x S, we can repeat the above argument. Thus, 
(|5.10p holds on Afs>, and no null conjugate points can form when < t < S' . 

If this curvature flux (15. 8[) can be shown to remain sufficiently small on any J\f$, 
independently of < 8 < 1, one can show that no null conjugate points form on 
all of TV. Moreover, the estimates (I5.3[) and (15.101) hold on TV, and hence we have 
recovered entirely the conclusions of Theorems 15.11 and 15.31 This type of argument 
has been used, e.g., in |12 | 117 ) for finite null cones beginning from a point. 

Throughout this section, we have used the affine parameter s as a substitute for 
the radii r of the level spheres of s, where r is defined here as the function E 

r : [s , 00) -> R, r(v) = J s 1 

In other words, 47r[r(z;)] 2 is precisely the area of S v , with respect to jj. Although 
s is simpler to handle, r is often more relevant for physical considerations (e.g., in 
the definition of the Hawking mass below). Consequently, it is important to justify 
this heuristic that s and r are nearly the same. 
To see this, we express r/s in terms of 7 and t: 

1 

r(v) ' 1 f de) =(±- [ J[l-s v-'}-de[0) 



4tt .Is, so / \ 47r ^s 2 



2 ^In fact, since we have not eliminated the possibility of conjugate points beyond J\fs , the Ricci 
and curvature coefficients need not be well-defined beyond Ms- 

21 Recall that s and r coincide for the Schwarzschild null cones in Section 14.31 



38 



SPYROS ALEXAKIS, ARICK SHAO 



Recall J is the Jacobian factor from (|3.5j) . Since J is uniformly close to 1 on M 
(see [19l Prop. 4.5] or the proof of Corollary 15. 2p . it follows that r/s also remains 
uniformly near 1. Furthermore, since J has a continuous limit at t /* 1 by Corollary 
15.21 it follows that r/s has a limit, which is itself close to 1, as s /*■ oo. 
Finally, recall that the Hawking mass of the level sphere S v is 

where r is as before; see [3]. Since M has an L 2 -limit as t /*■ 1 by Corollary 15.21 it 
follows that the Hawking masses m(v) also have a limit as u oo. 

In the case that the <S„'s become asymptotically round, in the sense that the 
renormalized Gauss curvatures /C converge to 1 as v /* oo, the limit of the Hawking 
masses should correspond to the Bondi energy associated with Af . In our setting, 
however, there is no reason to expect that these <S„'s in general actually satisfy this 
asymptotic roundness property. In the sequel [T] to this paper, we undertake the 
challenge of constructing such an asymptotically round family along Af, given the 
same assumptions as in Theorem [53] Furthermore, we control the resulting Bondi 
energy by the weighted flux of curvature and the initial data of Af. 

6. Proof of Theorem 15.11 

This section is dedicated solely to the proof of Theorem 15. II (and hence Theorem 
15. 3[) . From now on, we assume the hypotheses of Theorem 15.11 Unless otherwise 
stated, all geometric objects are defined with respect to 7 and t. 

In addition, given any 5 S (0,1), we define Afs to be the initial subsegment 
[0, 8] x S 2 of Af, i.e., the segment of TV with < t < 8. 

6.1. Outline. As in previous works (e.g., [HI [23]): the foundation of the proof is 
a grand bootstrap, or continuity, argument. In this process, we impose a set of 
bootstrap assumptions, stated as estimates, on our system. We then use these 
assumptions in order to prove strictly better versions of these estimates. Below, we 
give a precise description of this bootstrap argument. 

We say that (BA)j_A holds iff the following estimate holds on Afs- 

In the above inequality, all the norms are evaluated only over the sub-cone Afs- The 
proof of Theorem 15. II can now be outlined as follows: 

(1) First, note that (BA)j.a holds trivially when 8 \ 0. 

(2) Fix an arbitrary S G (0, 1), and assume (BA)j a holds, with r « A < 1. 

(3) Using the structure equations, i.e., Proposition we show that the quan- 
tities on the left-hand side of the (BA)j : a condition can in fact be bounded 
by a constant (depending on C and N) times T + A 2 . 

(4) With sufficiently small V and A, the above implies that (BA)j.A/2 holds. 

(5) The implication (BA)ja =>■ (BA)ja/2 established above for arbitrary 
5 G (0,1), combined with a standard continuity argument, implies that 
(BA)j a/2 holds unconditionally for every 6 € (0, 1). 



22 In the case that a viable future null infinity X+ is defined, the Bondi energy represents the 
energy remaining in the ambient spacetime at the cut where Af intersects 1+ . 
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The above will suffice to complete the proof of Theorem 15.11 

The points (1), (4), (5) are standard features of continuity arguments. Thus, 
in the remainder of this section, we will focus entirely on the main steps (2) and 
(3) of the bootstrap argument: establishing improved estimates from the bootstrap 
assumptions. We fix throughout S £ (0, 1), and we work entirely on the segment 
Ms — in particular, all integral norms over both t and x are assumed to be over Ms ■ 
Moreover, we assume that (BA)j a holds on Ms- The objective, then, is to show 
that (BA) S , 4 ' holds, with A' < c ,n T + A 2 . 

Next, we present a brief outline of the process behind establishing (2) and (3). 
The first task is to establish the regularity conditions (F2) and (K)_ as defined 
in Sections 13.51 and 13.71 This step is essential, as it validates all the technical 
tools described throughout Sections [2] and [3] These regularity conditions are conse- 
quences of the bootstrap assumptions, and are a main reason why these bootstrap 
assumptions are fundamental to the overall argument. 

The (FO) condition follows immediately from the (BA) assumption. For the full 
(F2) condition, we have to work a bit harder; in particular, we need control for the 
curl £ of the second fundamental form k — H . Fortunately, £ has special structure, 
given by the Codazzi equations in (|4.11j) . which, along with (BA), grants it the 
required control. Finally, for the (K) condition, we combine the Gauss equation in 
(14.111) along with the second equation in (I4.10[) . This, along with (BA), suffices to 
decompose the Gauss curvature K as in the (K) condition. In particular, the only 
term in the equation for K, which is not L 2 -controlled is the divergence of Z . 

With the regularity conditions established, we next focus on obtaining the re- 
quired improved estimates. Many of the quantities, e.g., triJ, M, can be con- 
trolled by exploiting the evolution equations that they satisfy; see (14. 9[) and (|4.12l) . 
For H and Z, however, one also requires the elliptic estimates of (|4.10|) . These 
estimates are handled in essentially the same manner as in (8j 124) . 

To control Vi? and V ' Z in the sum norm (see the (BA) condition), we resort 
again to the elliptic equations (|4.10|) . The main idea is similar to that in [24] , 
except that we no longer require an infinite decomposition. Roughly, looking at 
the right-hand sides in (|4. 10[) , the curvature quantities B and R must be controlled 
in the iV°*-norm using (|4. 13|) . while M and V(tri7) must be controlled in Besov 
norms using (I4.12|) . Our use of a sum norm in the (B A) assumption allows us to 
take only one iteration of this decomposition and then simply reapply the (BA) 
assumption. This significantly simplifies the decomposition process. 

In the above, we have obtained improved estimates for 

\\H\\nI x , ||V#|| w ch +B 2,o, \\Z\\ N i m , ||VZ|| w o i+B?; o. 

The remaining improved estimates for H and Z in the sharp trace norm can now 
be obtained from Corollary 13.121 This completes the proof of steps (2) and (3), 
and hence concludes the bootstrap argument. Moreover, all the desired estimates 
in (|5.3|) will have been established within this bootstrap argument. 

In the remainder of this section, we accomplish steps (2) and (3) in full detail. 

6.2. Regularity Conditions. As mentioned before, the first goal is the (F2) 
condition (see Section |3~5|) . We begin by establishing some trivial properties. 

Lemma 6.1. Suppose (BA)j a holds. Then: 



23 In 

contrast, in 8 17 24 , one must iterate this decomposition infinitely many times. 
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• (A/5, 7) satisfies (F0)c,at,a. 

• The following estimates hold: 

(6.1) W H h<T + \\Z\\ Lt:T < C , N A. 

Proof. Since k = H, then (BA)j a combined with the fact that (§ 2 ,7[0]) satisfies 
(rO)c.N implies the (FO^a^a condition on (A/^,7). Using this (FO) condition, 
along with (|3.15[) and (BA)j a, we obtain the bounds 

\\m L i- T Z WHMhi + A, \\Z\\ Lt . T < \\Z[0]\\ Li + A. 

This implies (|6.ip , since by (12.61) . 

II^MIUi < \\h[o]\\ h ^ < r, \\z[o]\\ Li < \\z[o]\\ Hi/ , < r. □ 

The next goal is the full (F2) condition, which requires commutator estimates. 

Lemma 6.2. Suppose (BA)j a holds. 

• There exists D € C°°^Af such that 

(6.2) Vt® = £, ||»IUi B nL- i a nzi;f %C,N A. 

• // W G C°°T[A/", t/ien t/ie following commutator estimates hold: 

(6-3) H V /o*lk;= Sew ll/oV*ll^ + A H*llLt 2 ' 

H/oV*|Ua <cwr,j ||V/^|| i? , 2 + A||*|| i?>2 . 

t,x t,x t,x 

• (A/a, 7) satisfies (F2) c ,n,a- 

Proof. Recalling that k — H, the Codazzi equations in (|4.11l) imply 

£abc = — e6c£a d [(l — — ^d] + (1 — t)(H a bZ c — H ac Z b ). 

Combining this with the evolution equation for Z in (|4.9p yields 

£abc = V t [(l - t)e bc e a d Z d ] + (1 - <)(ff afa Z c - H ac Z b + 2e bc e a d j ef H de Z f ) 
+ 2efe c e a Zd 
= Vth+h. 

If we define 25 = Ji + /0-/2, then VtS) = £, as desired. Moreover, by (BA)^a, 
(6.4) H V *®llLt 2 = l|£| k. 2 ~ W VH Wi# < A ' 

Similarly, for the L^° t ' 2 -bound for 2), we first control 

\\h\\ L ~*<\\z\\ K *<^ 

Next, each term in I2, except for the last term, can be written as a product J\ ■ J2, 
where by (|3.12[) and (BA)j.a, the factors can be bounded 

\\Ji\\ LTf + \\J 2 \\ LTf <A, ll/SOWa)^-." < \\J4 LTf \\J 2 \\ LTf <A 2 . 

It follows that 

\\Jih\\ LTf < \\llZ\\ LTf +A 2 < A. 
As a result, recalling also the (F0)c,at,a condition, we obtain 
(6-5) ||£|U 2 < \\m L °°? £ II^Hl- 2 + \\foh\\ L -f < A. 

t ,x x ,t x ,t a; , r 
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To control V35, though, we must first prove the commutator estimate (|6.3[) . 
Recalling the commutation identity (|3.4[) along with (|3.12[) , we obtain 

Wvil^-Ilvn^ Z ll/o(fe®v/**)|| i?: , + ||/*(e:®/**)|| i?: = 

< \\H\\ LT ,4Vfln L % + ll/o(V t »®/S*)|| £? . ; . 
Applying (FO^a^a, integrating by parts, and recalling (|3.12j) . then 
HV/** - /*W|| L? . a < A||V/* *|| L?; 2 + ® im L % + ll/o(35 ® 

< A|| V;^|| L? .2 + ||©|| L ». 2 ||*|| L 2,2 

< A||V;«*|| L? .2 + A||*|| L? .2. 

The estimates in (|6.3I) follow immediately from this and the assumption A C 1. 
We can now control VS). First of all, from (BA)j a, 

||V/l|| L? .2 <\\VZ\\ L 2 : 2 <A. 

For V/ 2 , note that J% and J2, defined as before, satisfy 

where we used (BA)j : a and (|6.1[) . Thus, applying (|6.3I) and p,12[) . we obtain 
HV/^Jr • J 2 )|| L? .2 < ||/* V(Ji • J 2 )|| L?: 2 + || Ji • J 2 || i?: 2 

< l|VJi|| L 2. 2 ||J 2 || L ^ + ||Ji|| z ~. a |ivJ a || £; . a + || Jx II L ~f II J a || L ».- 

< A 2 . 

Therefore, applying (|6 .3[) again, 

l|V/^ 2 || L 2, 2 < ||VZ|U a + ||Z|U 2 + A 2 < A. 
Combining the above, we obtain 

(6.6) ||VD|| L 2,2 < A. 

From the above estimates (|6.4p - (|6.6l) . along with (13. 15[) . we obtain (|6 . 2[) . The 
(F2)c.at.a condition now follows from (|6.2I) and (BA),j.a- O 

6.3. The Curvature Condition. For the necessary elliptic estimates, we will also 
need the (K) condition. The first step is a number of transport equation estimates. 

Lemma 6.3. If (BA)j.a holds, then the following estimates hold: 

(6.7) || trir|| L -.cc < C)JV r + A 2 , 

\\H „o«,i/2 + \\Z „oo,i/a <c,at A, 
II V t V(tr H) || L 2,i + ||V(trfr)|| z; . rnfl ».o <c,iv T + A 2 , 
||V t Jlf|| £a .i + ||M|| £a .oo nflr .o <c,iv r + A 2 , 

X ,t X ,t t,x 

\\VtE\\L% + WZ.\\li>x Zc,n a. 
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Proof. First, taking the trace of the first equation in (|4.9|) yields 

V t (tr H) = -~f ab f cd H ac H bd . 
Applying / to the above and recalling (|3.13l) and (BA)^a, we obtain 
\\tiH\\ L °o,o° < ||trtf[0]|| L oc + ||H||2_ 2 <T + A 2 . 

This proves the first estimate in (I6.7p . Moreover, from the (F2)c,at,a condition 
(see Lemma r6.2[) and (|3.16|) . we obtain the second estimate in (I6.7[) : 

\\H\\ H ^ + \\Z\\ H ^ < \\H[0]\\ H i„ + \\Z[0]\\ Hi , a +A< A. 
Next, we take an L 2 'j-norm of the first equation in (|4.12l) : 

||V t V(trfl") 11^,1 < \\H® V-ffH^.i < ||fl'|| i =o,a||Vfl'|| i 2.a < A 2 . 
In particular, we applied (BA)}^. Keeping in mind (|3.13p . then 

||V(trfr)lli£~ < ||V(trif)[0]|U s + ||/*V t V(trH)|| i ». r 
<\WtrH)[0]\\ Ll + \\V t V(txH)\\ L ^ 

<r + A 2 . 

Similarly, recalling p.!4[) and (|3.22l) , we also obtain 

||V(trff)[| ».o < ||V(trff)[Q]|| B o + ||/S(H®V£r)|| B -. 

t.x * t t x 

< r + A 2 , 

where we also applied (|5.2[) and (BA)^^- This proves the third part of (|6.7|) . 

The estimates for M are analogous. From the right-hand side of the second 
equation in (|4.12l) . we see that VfM can be decomposed as Iq + h + 12, where: 

• I Q = — 3ttiSq (tr H) satisfies the bounds 

||/o|U-~ <||tr£r|U«.« <r + A 2 , 

£ ||V(tr H) \\ LT ,2 + UtrHll^ <T + A 2 , 

where we applied the first and third parts of (|6.7p . along with (|2.2p . 

• 1 1 can be expressed as sums of terms of the form Ji ■ J 2 , where 

H Jl lk»ni-i a ~ A < I' j2 'l^ + II Mn& +b?;° ~ A > 

• J2 can be written as sums of terms of the form K\ ■ K 2 ■ K 3 , with 

H^lkin^A, 

\\K 2 ■ K 3 \\ L 2,2 < ||K- 2 || i .. a ||Jif3|| i . a ,. < A 2 , 

£,a; x,t x.t 

\\K 2 ■ K 3 \\ NtX+B 2,o < \\K 2 \\ N u\\K 3 \\ N u < A 2 

For the last estimate, we estimate the product only in the B 2 '°-norm by an 
application of p.20p along with the (BA)j a condition. 



2 ^For the term containing Z ■ B in the right-hand side of 114. 1211 , we must apply the additional 
step of expanding B using the first equation in l|4.10|l . This yields terms in both I\ and I2. 
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As a result, recalling (|3.13|) . ()5.2[) . and (BA)a.j, we obtain 

||v t M < ||/olU a - + ||Ji|| L » f || J 2 || L?; = + ll^ll^ll^ • k- 3 \\ l11 < r + A 2 , 

\\M\\ Ll7 < \\M[Q]\\ Ll + \\V t M\\ Ll .i < T + A 2 . 
Moreover, applying (13. 14|) and (|3.22|) yields 

l|M|| Br o < ||M[0]|| s o + [|/o|| B -,o + \\Ji\\ N u nL -.4Mm*+# 

t,x ■*- t,x t,x x.t t,x 1 t,x 

< r + a 2 . 

This proves the fourth part of (I6.7[) . 

Finally, we apply (15.1[) . (BA)a.A, and (|6.ip to the last equation in (|4.9I) : 

\\VtH\\ L r Z \\R\\ L r + \^ Z Wl^ + \\EWl-A 1 + WMl*-?) + \\z\\l~ ; 4z\\ l i, t 

t,x t,x t t x x t t x ,t x,t x.t 

<A(l + \\H\\ Ll , T ). 
Moreover, recalling (|3.13|) and the fact that 5 < 1, we have 

\m\ L i>r £ WEMhi + \\VtH\y t >* <r + ||v^|| i?; ,. 

Combining the above and recalling that A <C 1 yields the last estimate in (|6.7|) . □ 

Lemma 6.4. Suppose (BA)j a holds. Then: 

• (Af, 7) satisfies (K)i£i for some D < A, iwi/i D< 1. 

• The following estimates hold for JC: 

(6.8) \\K. — 1 1| 1,2.3 < A, ||/C-l|| H -.- 1/ .<A. 

Proof. Combining the equations for £ and T>iZ in Proposition ^. 2[ we see that 

K- 1 = --trl/+ (1 - f) 

In terms of the definition of the (K) condition from Section 15771 we take / = 1, 
V = (1 — and iy the remaining terms of the above equation. By (|6.7p . 

mi^.vs < iizii ff «, V2 < a, 

\\W\\ L , r < || trff || L2 . r + ||M|| L2 . r + (1 + || tvH\\ L?r )\\ tr H\\l»? £ A - 

x ,t x , £ a; , t a; , £ 

This yields (K)i d, with £> < A. For (|6.8[) . we use the second equation in (14. 
(along with (|571]> i (BA)j, A , and ([677])) and then (|5725|) . □ 

6.4. Sobolev Estimates. The next step is to obtain A fl -estimates for H and 
This is the first part of the improved versions of the bootstrap assumptions. 

Lemma 6.5. If (BA)j a holds, then 

(6-9) \\H\\ Nlm + \\Z\\ Nlm <cvvr + A 2 . 

Proof. From the first equation in (|4.9|) . (|5.ip . (BA)j A, and (|6.ip . we have 
||V t ff|| i?; 2 <\\H®H\\ Lli + \\A\\ L ^ 
<\\H\\ L7 .,\\H\\ Ll7 +T 

<r + A 2 . 



1 



2m 



-y ab S/ a Z b - M + - 1 tr if - - tr H trH 



1 



44 



SPYROS ALEXAKIS, ARICK SHAO 



A similar process using the second equation in (|4.9|) yields 

||v*z|| L 2.2 <r + A 2 . 

Next, applying (K)i£> and (|2.8|) to the second equation in (14. 10)) . we obtain 
+ \\Z\\ L g < \\R\\ L 2.2 + \\M\\ L *.> + 11^11^11^11^. 
By (BA)j t A, (15. ip . and (|6.7p . we can bound 

(6.10) ||vz|| Lt2 + ||z|| LL2 <r + A 2 . 

Similarly, using (|2.9|) on the first equation in (|4.10l) yields 

||ViJ|| L?; * + \\H\\ L % < \\VH\\ L 2, x + \\H\\ L ^ + \\V(trH)\\ Ll . T + \\ trH\\ Kr 

< r + a 2 + \\B\\ L i d + \\z\y t ,2 + \\H\\ LTf \\z\\ Ll , T . 

where we also applied (|6.7p . Applying (BA)^a, (|5.ip . (|6.ip . and (|6.10p yields 

||Vff|| L;; 2 + ||ff|| L? ,2 <r + A 2 . 

By the dehnition of the iV^-norm, the proof is complete. □ 

Next, we obtain some estimates for the curvature coefficients. Recall the special 
covariant integral operator which was defined in (|3 . 2[) . 

Lemma 6.6. If (BA)j.a holds, then 

(6.H) \\M\ L ~f + ||;*B|| L jc. a < C ,N a, 

WllB\\ N u+\\llR\\ N u < c ,Nr + A 2 ; 

\\B\\ N?% + \\R\\ N?: . <c, W r + A 2 . 

Proof. It suffices to prove the first two estimates in (|6.1ip with /*\& replaced by 
/ (r/+4 r ), since the remaining estimate for / 1 (?7_\[') can be obtained analogously. 
First, using the first equation in (|4.9p . we can write 

\\fUv + A)\\ L ?f Z \\JUv + VtH)\\ L ~f + \\Jt(v+\B\\H\)\\ L ?f= x o + Xi- 
Using Holder's inequality, we have 

X 1 <\\H\\' , 2 <A 2 . 

Moreover, integrating by parts and recalling that i]+ vanishes at t = yields 
X < \\ti + H\\l~? + WfoW+Wh-f £ W H L°°? + 5- 1 \\f t \H\\\ L ~ f < A. 

X ,t X ,t X ,t X ,t 

Combining the above steps with a completely analogous computation using the 
second equation in (|4.9[) . we obtain the estimate 

||/*(» J+ ^)|| i «.. + ||^(» 7+ fl)|| i -. a <A. 

From the preceding remarks, the first estimate of (|6. 1 1|) follows. 

We now consider the second part of (|6.1ip . By (15.11) . we immediately obtain 

WVtfKv+B)^ + ||/*(r/ + B)|| i?: . < \\B\\ L % < T. 
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Next, applying flUBJ), pTT]) . and ([Q]) . we obtain El 

l|V/t5|| L?l2 < |[X» 1 /*(^ +J B)|[ < 1 1 /^(rj+fi 5)11^2,2 + A 2 . 

t,x t , a; t , x 

From the second equation in (|4.13[) . 

11/^+^5)11^2 < WfKn+Vtmh^ + 11/^(77+1^1)11^ + WIKv+Ihwrdw^ 

+ \\fl(r, + \Z\\B\)\\ L , :l + Wffa+H® A)\\ L ,£ 
= I Q + h+I 2 + l3 + h- 
By (j6ll . we obtain h < V + A 2 . Also, I 2 and 7 3 can be controlled using (|3.12l) : 
J 2 < 11^11^ 2 1^11^,2 < A 2 , 7 3 < IIZH^IIBII^ < A 2 . 

x ,t t ,x x , t t , a; 

For J4, we first integrate by parts: 
h = \\! t o{ri+H®V t SlA)\\ Lll 

< \\H®HA\\ Lr + Ws-'ftimiflADhr + ll/odVtSII/^DH^. 

t , X t,x t,x 

Applying (|3.12|) . Holder's inequality, (|6.7[) . and the first part of (|6.11|) . we obtain 

h < \\H\\ L l- T \\!lA\\ L7 f + II VtSI^ \\im L ~f < A 2 - 
Finally, for Iq, we integrate by parts and apply (13.121) and f|5 . 1 1) : 

It follows from the above that 

\\Hb\\ nL <r + A 2 . 

Finally, for the initial value bound, we apply (|3.16p to obtain 

WlB)[0]\\ Bi , a < \\j\(v-B)[0}\\ Hl/2 < \\f[(Ti-B)[l]\\ Bl , a + \\l\(r,-B)\\ Ka . 

The first term on the right-hand side vanishes by definition, while the second term 
can be bounded as in the preceding argument. As a result, we have 

\\UIbM\\ h ^<\\Ii(v-B)\\ n1x <t + a 2 . 

The above completes the Sobolev estimate for \\B in (|6.11[) . The corresponding 
estimate for can be established using completely analogous methods. This 
proves the second estimate in (|6 . 11 [) . The remaining estimate in (|6.11|) follows 
immediately from the second estimate, since /' $ is a Vt-antiderivative of ^ . □ 

6.5. Basic Decomposition Estimates. The next task is to obtain some basic 
Besov and decomposition estimates via evolution relations. 

Lemma 6.7. If (BA)j a holds, then 

(6.12) \\H®H\\ B 2.o < C , N A 2 , 

||V t iT|| w o* +B 2,o + \\H\\ B -f Zcn A. 



2o Since Vi annihilates both 7 and e, then Jq commutes with any of the symmetric Hodge 
operators in the same way as it does with V. As a result, ( 16.3ft applies here. 
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Proof. First, applying the fundamental theorem of calculus to H_ , we can write 

\\H®H\\g*,o < ||fr®p(fl;[o])|| B ».o + ||fr®/SVtfl:|| B j.o=Zi + /2 1 

where p denotes the parallel transport operator defined in Section [3721 The term 
Ji can be controlled using (I3.17[) . while I2 is bounded using (|3.23[) : 

(6.13) \\H®H\\ B r % II^IU»nL- ; a (ll^[°]llBo + ||V t 77|Lo, +B? ,o) 

t.x t,x x ,t t ,X ' t .X 

<A 2 +A||V t /i|| Jv o i+< ,o. 

In the last step, we applied (BA)^. 
Next, we use the last equation in (|4.9p : 

W^Mn^+b^ < \\VZ\\NO*+ B ' t .° + \\H\\b>* + \\H®H\\b% 

+ \\Z®Z\\ R 2.0 + \\R\\ N o* 

t.x ~t< x 

= h + h + h + h + h- 
Using (12201), flJTSJ), and we can bound 

7 a < A, 7 4 < A 2 , 
while dgHU) and (BA) 5jA yields 

7 5 <r + A 2 , 7i<A. 

As a result, we obtain 

(6.14) HVt/TJI^.^.o < A+||7f®77|| B 2,o. 

t ,x ' t ,x t t x 

Finally, combining (|6.13[) and (|6.14l) yields 

1177 ® 77|| B2 ,a < A 2 , || VtiOjvo* +b 2 - £ A - 
To complete the proof of (CT . we apply (pT2"Tj) and 

IISHb-." < \\H[o]\\ B o + ||/* VtS||fl-.o < r + ||V 4 77||^ +B ^ < a. □ 

Lemma 6.8. If (BA)j a holds, then 

(6.15) ||(1 - t)V?B\\ L ~ a + \\V^R\\ L ^ < C , N A. 

x ,t x,t 

Proof. We apply the first equation in (|4.10l) to write 

||(1 - t)V^B\\ L oo 2 < \\H\\ L ~ a + \\V^Z\\ L ^ + H^V^rZOlU- 

X ,t X , t t,x t.x 

+ \\V^{H-Z)\\ LlT . 

The first term on the right-hand side is bounded by A using (BA)j a- The re- 
maining terms can be controlled using p.26[) and p. 271) : 

||(l-*)X>a 1 S||r-.a < A+ ||Z|La,o + ||V(trZf)|| B 2,o + \\H ® Z\\ B 2,o. 

X , t t ,x t ,x t.x 

The second term on the right-hand side is trivially bounded, while the third and 
fourth terms are bounded using (|6.7p and (|3.20[) . respectively. This yields 

||(1 - t)V^B\\ LT ,2 < A + r + A 2 < A, 
as desired. By a similar argument using the second equation in (|4.10[) . we obtain 

wv^rWl-? < \\z\\ L ~? + \\d^m\\ l ^ + \\v^(h-h)\\ l ^ 

x,t x.t t,x t.x 
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< A+ ||M|| B 2,o + \\H®H\\b»,o. 

Using (|6.7p and (|6. 12[) on the above completes the proof of (|6. 15[) . □ 

6.6. Advanced Curvature Estimates. Using Lemma WM we can derive the fol- 
lowing estimates involving the curvature components. 

Lemma 6.9. If (BA)^a holds, then 

(6.16) \\fi[(l-t)VV^B]\\ N u + \\jyv^R\\ N u < c , N r + A 2 , 

||(1 - t)VV^B\\ N ^ + \\VV^R\\ N o % <c,n r + A 2 . 

Proof. Again, we need only prove the first part of (|6.16|) with /'^ replaced by 
J t {rj + '^>), as the corresponding estimates for /* (t7_^) are completely analogous. As 
in the proof of Lemma WM we can apply (12.12)) and (|5.1[) in order to obtain 

l|V*/S[(l - <) ? 7 + VP 2 - 1 B]|| L? ., + ||/* [(1 - t)r, + WV^B}\\ Lt; 2 < \\VV^B\\ L ^ < T. 

An analogous estimate also yields 

llvj-^+vpr 1 ^)!!^ + wjKv+vd^r)^ < nvpr^ll^ < r. 

For the spatial gradient, we let 

is = ||v/*[(i - t) v+ yv^B]\\ Lll , i R = nv/^^+vpr 1 ^!!^- 

Applying (|2.7I) and commuting V and /*-, using (|6.3[) yields 

Is < ll7 ab V a / [(l - t)r) + V b V^B]\\ L ^ + ||e Qb V Q / [(l - t) V+ V b V^B] |U 2 

t.x t.x 

+ \\J t [(l-t)r ]+ V b V^ 1 B}\\ L 2, 2 

t,x 

< ||/* [(1 - t) V+ AV^B]\\ Ll , 2 + ||/* [(1 - t)\JC\\V^B\}\y 2 + \\VV^B\\ L ^ 

t.x t,x t.x 

< ||/*[(1 - t) v+ AV^B]\\ L ^ + ||/* [(1 - t)\JC lHD^SOII^ 

+ ll/o(l -t)\T>^B\\\ L ^ + \\VV^B\\ L ^. 
Recalling the identities (f27T|) and applying (|2.12l) . ([57Tj) . and (j6~8l) . then 

Ib < ||/o[(l - t)rj + V* 2 B]\\ L ,,2 + \\JC- l|| i?; =||(l - t)V^B\\ LTf + T 

< ll/o[(l - t)WtlU+T>* 2 B]\\ L ^ + A ll(! - t)V^B\\ LTf + T 

< ||/*(r7 + ^fl)|| i?; , + A||(l - t)V^B\\ LTf + T. 
An analogous argument also produces the estimate 

Ir < Wftiv+vtR)^ + A\\V^R\\ LTf + r. 

Commuting once again using (|6.3p and recalling (|5.1[) and (|6.15[) yields 

t,x 

I R <\\VSl{ri + R)\\ L ^+r + A 2 . 

The first terms on the right-hand sides can be bounded in the same manner as in 
the proof of (I6.11|) . Consequently, we obtain, as desired, 

||/1[(1 - t)VD?B\\\ Nlm + \\HVV^R\\ NL < T + A 2 . 
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For the initial value bounds, we apply (|3.16[) like in the proof of (|6.11|) . 

\\H[(l-t)VV^B}[0}\\ HlJ2 < \U[[(l-t)r,.VV^B]\\ Nla <T + A 2 , 
\\JiVD?R[0]\\ Hl/a < WfKv-VV^R)^ <T + A 2 , 

where in the last steps, we applied the /^-analogue of the preceding argument. 
Combining all the above estimates completes the proof of the first estimate in (|6.16|) . 
The second estimate follows immediately from the first, since 

6.7. Completion of the Proof. We can now complete the proof of Theorem 15. II 
by proving the strictly improved version of the bootstrap assumptions, (BA),5 ,a/2- 
A part of this has already been done in (|6.9I) . Here, we will prove the remaining 
improved estimates associated with the (BA)^^ condition. 

Lemma 6.10. If (BA)j a holds, then 

(6.17) \\VH\\ N o x+B 2,o + ||VZ||^o* +B =i,o <c,n r + A 2 , 

\\H\\ LTf + \\z\\ LTf < C , N T + A 2 . 

Proof. First of all, since 2H = 2H + (tr H)j, we can bound 

l|Vi?IU^ +B 2 ; o < llVffUjvo.+^.o + \\V(tvH)\\ B 2,o 

< nv^H^+^.o+r + A 2 , 

where in the last step, we applied (|6.7p . For the term with H, we recall the identity 
T^2 1 ^2 = I and apply the first equation in (|4.10[) along with ()3 . 27[) : 

< 11(1 - t)VV^B\\ N? , x + \\Z\\ B 2,o + ||V(trH)|| B y 
+ \\(l-t)(H®Z)\\ B? ,o, 

The third, second, and first term on the right-hand side are bounded using (|6.7p . 
()6.9p . and (|6.16p . respectively. From this, we have 

||Vff||^ +B?; o <r + A 2 + \\H® z\\ Kf . 

For the last term, we apply (|3.20p and (|6.9p : 

\\H ® Z\\ Kf < \\H\\ N u\\Z\\ N u < A 2 . 

Combining above yields the desired bound for Vif in (|6.17p . 

By a similar argument using the second equation in (I4.10p . we obtain 

||VZ|Uo* +B?;£ < \\VV^R\\ N?X + \\M\\ B 2.o + \\H®H\\ Bl; o < T + A 2 , 

where in the last step, we applied (|6.7p . (|6.12p . and (|6.16p . The above considerations 
complete the proof of the first estimate in (|6.17p . 

For the second estimate, we apply (I3.25[) and recall that k = H: 

\\H\\ LTf < (1 + \\H\\ L 2, T )(\\H\\ N u + \\VH\\ N ^ +B *,o ), 

\\Z\\ LTf < (1 + \\H\\ Ll . T )(\\Z\\ N u + \\VZ\\ N?l+B i : o). 
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Recalling (|3.15|1 . (|6.9|) . and the first part of (|6.17|) . then, as desired, 

+ \\z\\ L7 f < (i + r + A 2 )(r + a 2 ) < r + a 2 . □ 

Applying (16.91) and (16. 17)) and taking T (and hence A) sufficiently small yields the 
strictly improved condition (BA)j .a/2- Thus, the bootstrap argument implies that 
(BA)j A holds even without the bootstrap assumption. To obtain the estimates 
([P]) . we simply recall the estimates (|6~7l) , (j678|) . (|6~9l) . (l6T2|) , and ((6TT71) . and we 
recall that A is simply T times some (possibly large) constant. Furthermore, that 
the (F2) and (K) conditions hold for (TV, 7) follows from Lemmas 16.21 and 16.41 

It remains only to prove the refined curvature estimate (|5.4p . For this, we recall 
the proof of Lemma 16.41 in particular, the identity 

K. - 1 = --trH+ (1 - t) 

Given < r < 1, we can restrict our attention to a small segment r < t < r + e 
of the null cone Af. Again, in terms of the definition of the (K) condition from 
Section [5771 we take / = 1, V = (1 — t)Z, and W the remaining terms of the above 
equation. From main the estimates (|5.3I) . we see that (J£)i t D> holds, with 

D' < sup ||trjr[r']||£2 + (1 - T )T. 

T<T / <T+e 

The estimate (|5.4p now follows from p. 281) and by taking e \ 0. 
This concludes the proof of Theorem 15.11 
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